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ABSTRACT 


The  phenomenon  of  pair  creation  of  spin  one 
half  particles  in  an  external  electromagnetic  field 
is  examined*  In  particular,  the  concept  of  conserva¬ 
tion  of  energy  and  momentum  during  pair  production  is 
studied , 

The  use  of  Bogo3iubov  transf ormations  in  scat¬ 
tering  and  creation  calculations  is  reviewed.  This 
formalism  provides  an  expression  for  the  pair  creation 
amplitude  and  indicates  that  the  c-number  time  trans¬ 
lation  operator  for  the  problem  is  the  quantity  of  chief 
interest . 

A  perturbation  expression  is  found  for  the  time 
translation  operator,  the  Bogoliubov  matrices  and  the 
pair  creation  amplitude*  Both  energy  and  momentum  are 
conserved  (to  first  order  in  the  coupling  constant  e) 

during  pair  creation. 

The  time  translation  and  symmetry  properties  of 
the  time  translation  operator  are  investigated.  The 
facts  so  acquired  are  not  sufficient  to  discuss  the 
energy  and  momentum  conservation  during  pair  creation 
using  the  exact  solution. 

Lastly,  a  few  comments  are  made  on  the  adiabatic 
theorem  and  what  its  validity  would  require  of  pair 
creation  events  in  an  external  field. 
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Notation 


Many  different  conventions  are  seen  in  the  litera¬ 
ture  of  relativistic  quantum  field  theory.  To  avoid  later 
confusion,  the  conventions  used  in  this  work  are  described 
in  this  section. 

Natural  units  where  h  =  1  and  c  =  1  are  used 
throughout . 

A  four  vector  has  the  following  components: 


/  °  1  2  3 ,  , ,  v 

x  =  (x  ,x  ,x  ,x  )  =  (t,x)  . 

In  discussing  components  of  a  four  vector  or  tensor,  Greek 

indices  may  take  values  from  0  to  3 ,  while  Latin  indices 

may  only  take  values  from  1  to  3 . 

The  metric  tensor  g  is  defined: 

^y  v 


g  =1,  g . .  =  -1,  g  =0  for  y  ^  v  . 

^oo  '  '  ^yv  M 

Using  this  metric  a  scalar  product  of  two  four  vectors  is 

defined : 


y  v  o  o 

x.y  =  gyvx  y  =  X  y  -  x.y 


The  Dirac  matrices  are  4x4  constant  matrices 


such  that: 


r  y  v -i  y  v  ,  v  y  ~  yv 
1 Y  ,Y  )  =  Y  Y  +  Y  Y  =  2gM 


Other  matrices  of  interest  are: 


1 

o  =  2  1  X  1 


x 


The  sixteen  matrices  I,  y,  yQ ,  yoY/  yoY5  /  o,  y5  *  yQo 
span  the  set  of  4  x  4  complex  matrices. 

Whenever  an  explicit  representation  of  the  Dirac 
matrices  is  required,  the  following  will  be  used: 
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where  a  are  the  2x2  Pauli  spin  matrices. 
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CHAPTER  I 


THE  EXTERNAL  FIELD  PROBLEM 

1)  Statement  of  the  Problem 

The  system  to  be  considered  consists  of  massive 
relativistic  particles  moving  under  the  influence  of  an 
external  electromagnetic  field  but  exerting  no  force  on 
one  another.  In  particular,  it  is  the  case  of  spin  1/2 
fermions  that  will  be  investigated.  For  simplicity  the 
particle  will  be  called  an  electron  and  the  anti¬ 
particle  a  positron.  The  mass  of  the  electron  is  m. 

The  electromagnetic  field  is  described  by  a 
potential  A(x),  the  quantized  electron-positron  field 
by  ip(x)  and  the  resulting  Dirac  equation  describing  the 
behaviour  of  ip  (x )  is: 

(-iy.9  +  m)i|j(x)  =  ey.A  (x)i|;(x)  .  (1.1) 

Notice  that  A(x)  is  specified,  not  calculated  from  the 
field  equations  -  this  is  the  meaning  of  "external". 

The  mathematical  nature  of  ijj  and  A  will  be  commented  on 
shortly . 

Lacking  interaction  of  the  particles  with  them¬ 
selves  and  reaction  of  the  electromagnetic  field  to  the 
particle  field,  this  problem  is  sufficiently  unrealistic 
to  make  it  of  little  use  as  a  model  for  elementary 
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particles.  It  does  however  have  other  redeeming  proper¬ 
ties.  From  a  mathematical  point  of  view,  this  problem  is 
much  simpler  than  a  fully  interacting  field  theory.  In 
fact  many  physically  interesting  quantities  such  as  crea¬ 
tion  and  scattering  amplitudes  may  actually  be  calculated. 
Many  of  the  physical  concepts  desirable  in  a  fully  inter¬ 
acting  theory  have  been  incorporated  here  and  may  be 
examined  carefully  at  this  stage  of  sophistication  - 
Lorentz  invariance"^  and  spectral  conditions  are  among 
these.  If  this  problem  is  not  physically  reasonable, 
there  is  little  chance  for  its  more  complicated  version. 

The  particular  phenomenon  of  interest  in  this 
thesis  is  creation.  Is  it  possible  to  create  an  electron, 
a  positron,  a  pair  or  even  many  pairs  in  an  external 
field?  As  will  be  seen,  no  creation  occurs  in  a  time 
independent  potential;  in  a  time  dependent  potential  it 
may  possibly.  In  a  physically  sound  theory  it  takes  energy 
to  create  a  particle  of  mass  m.  Is  a  threshold  somehow 
built  into  the  pair  creation  amplitude  so  that  if  the 
external  field  doesn't  have  enough  energy  (at  least  2m), 
no  pairs  are  created?  In  what  sense  does  the  external 
field  have  this  energy?  Similarly  the  momentum  imparted 
to  the  pair  must  in  some  sense  have  come  from  the  external 
field.  What  is  the  proper  sense?  Examination  of  the 
Fourier  components  of  the  potential  A(x)  seems  indicated. 
Derivation  of  creation  amplitudes  and  study  of  the 
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transformations  involved  in  calculating  these  amplitudes 
will  be  carried  out.  The  relation  between  creation  and 
Fourier  components  of  the  field  will  be  examined  where 
possible . 

The  mathematical  formalism  for  the  time  develop¬ 
ment  of  the  particle  field  and  the  solution  for  creation 
amplitudes  were  the  main  body  of  Gilles  Labonte ' s  [1973] 
doctorate  research  and  Chapters  II  and  III  of  this  thesis 
are  to  a  large  extent  a  review  of  his  work.  When  of 
particular  value,  some  of  his  proofs  will  be  given;  when 
little  physical  insight  is  gained  through  a  careful 
mathematical  proof,  results  alone  will  be  adopted.  In 
the  later  part  of  the  thesis,  more  details  will  be  pre¬ 
sented. 

The  remainder  of  Chapter  I  involves  setting  the 
mathematical  scene  for  the  problem.  The  Hilbert  space 
involved  will  be  described.  The  nature  of  \p  and  A  will 
be  made  more  clear. 

Chapter  II  will  discuss  a  general  formulation  for 
describing  time  development  of  the  particle  field  in  both 
time  independent  and  time  dependent  external  fields.  The 
Bogoliubov  transformations  here  defined  will  be  an  essen¬ 
tial  tool  in  calculating  creation  amplitudes. 

Chapter  III  actually  gives  the  formula  for  crea¬ 
tion  amplitudes.  In  the  case  of  a  weak  external  field 
where  only  pair  creation  and  no  isolated  creation  occurs. 
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a  simplification  will  be  found:  it  is  only  necessary  to 
know  the  creation  amplitude  for  one  pair,  to  know  all 
possible  n-pair  creation  amplitudes.  The  one-pair  crea¬ 
tion  problem  will  be  set  up  and  its  examination  begun. 

In  Chapter  IV,  the  search  for  u,  the  c-number 
time  translation  operator,  begins.  An  integral  equation 
for  u  will  £>e  derived.  The  one-pair  creation  probability 
is  calculated  to  first  order  in  coupling  constant  using 
a  perturbation  expansion  for  u.  Fourier  components  of 
the  external  field  will  be  seen  to  appear  as  desired. 

Chapter  V  is  concerned  solely  with  finding  the 
time  translation  operator  u.  All  of  u's  differential 
and  symmetry  properties  are  exploited. 

In  Chapter  VI,  a  further  attempt  is  made  to  cal¬ 
culate  the  pair  creation  amplitude  explicitly. 

Chapter  VII  will  discuss  the  Adiabatic  Theorem  in 
the  context  of  the  external  field  problem.  Time  depen¬ 
dence  is  necessary  for  creation  -  will  the  time  dependence 
introduced  through  adiabatic  switching  cause  problems? 


' 


2 )  The  Quantized  Field  Operator 


In  a  quantum  field  theory,  the  field  ip  is  not  an 
operator  but  an  operator-valued  distribution.  In  order 
to  be  interpreted  as  an  operator  the  field  ip  must  be 
"smeared"  with  a  sufficiently  smooth  and  sufficiently 
quickly  decreasing  function  h(x): 


(h) 


d4x 


ip  (x)  h  (x) 


Field  equations,  such  as  the  Dirac  equation  (1.1),  must 
be  interpreted  in  a  distributional  sense. 

One  of  the  beauties  of  the  external  field  problem 
is  that  ijj(x,t)  is  only  a  distribution  in  the  spacial 

«v 

variables  x  (Labonte  [1973],  Capri  [1969]).  It  is,  there- 

<V/ 

fore,  possible  to  refer  to  the  field  at  particular  times, 
compare  the  field  at  different  times  and  in  general  handle 
the  time  dependence  of  field  more  easily  than  if  it  were 
the  distribution  in  both  space  and  time  found  in  fully 
interacting  theories. 

Throughout  this  work,  smearing  will  not  be  expli¬ 
citly  carried  out.  G.  Labonte  [1973]  has  shown  that  the 
required  smearing  is  easily  accomplished  but  the  increase 
in  the  algebra  tends  to  obscure  rather  than  clarify  the 
physics.  Without  smearing,  some  wave  functions  will  be 
normalizable  only  to  6-functions.  For  simplicity  the 
language  of  operators  and  functions  will  be  used  rather 


I  ioF-ca-sn-  ni  noi  rdxnJEib  »  a  ^  • 
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than  that  of  operator-valued  distributions  and  function¬ 
valued  distributions. 

4)  (x)  is  a  quantized  Heisenberg  field  operator  on 
a  Fock  Hilbert  space  of  states.  It  will  be  seen  that, 
at  any  given  time  t,  ip(x,t)  may  be  expressed  in  terns  of 
creation  and  annihilation  operators  acting  on  this  Fock 
Hilbert  space: 

<Mx,t)  =  l  f‘  (x)b.(t)  +ftB(x)dht)  . 

~  Q  +  p  ~  p  ”  p  ~  p 


The  q-number  operators  b^(t)  and  d^(t)  are  annihi¬ 
lation  operators  of  the  vacuum  state  |0(t)>  of  J4 .  The 
operators  b^(t)  and  d^(t)  acting  on  the  vacuum  give  the 
one-electron  and  one-positron  states  respectively.  It 
is  conceivable  that  the  vacuum  and  these  annihilation 
operators  will  change  with  time  as  the  external  field 
fluctuates  -  it  is  for  this  reason  that  the  time  dependence 
is  indicated. 


The  f^Q  (x)  are  elements  of  )  ]  ^  and  are  c- 

number  wave  functions  of  an  appropriate  Dirac  equation 
at  time  t.  The  question  of  which  Dirac  equation  is 
appropriate  is  examined  in  Chapter  II.  The  c-number 

wave  functions  f^.  are  orthonormal  in  their  indices  e,R 

e$ 

and  form  a  basis  for  [o£2(R^)]^. 


The  indices  e,$  require  further  explanation.  If 


e  is  +  (-),  the  solution  is  that  of  an  electron  (positron) 
and  corresponds  to  a  positive  (negative)  energy  solution 
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of  the  appropriate  Dirac  equation.  The  3  index  contains 
all  other  quantum  numbers  such  as  spin  and  momentum. 

Bound  states  will  have  discrete  values  of  3;  for  scatter¬ 
ing  states,  3  will  range  over  a  continuum.  A  sum  or 
integral  over  3  will  mean  summation  over  discrete  values 
of  3  and  integration  over  continuous  values. 

Since  ip(x,t)  may  be  examined  for  each  t,  a  parti- 
cle  description  of  the  system  is  possible  at  all  times. 

At  each  time  the  vacuum  state  and  particle  states  are 
defined  and  it  will  be  shown  that  field  equation  (1.1) 
will  help  to  relate  these  definitions  at  one  time  to  those 
at  another. 

3 )  The  c-  and  q-number  Operators 

Two  types  of  operators  occur  in  the  discussion  of 
the  external  field  problem.  The  c-number  operators  act 
on  elements  of  [o£^(R^)]^  and  will  be  denoted  by  lower 
case  symbols  (h,  u,  and  so  on).  The  q-number  operators 
which  are  constructed  out  of  the  creation  and  annihilation 
operators  act  on  the  Fock  Hilbert  space  of  particle 
states  and  will  be  denoted  by  upper  case  symbols  (H,  U,  Q, 
N  and  so  on) .  Often  a  calculation  may  be  accomplished 
with  either  a  c-number  or  a  q-number  operator  but  for 
explicit  work  the  c-number  operator  is  usually  more  trac¬ 


table  . 
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In  the  external  field  problem,  the  desired  q- 
number  operators  are  well-defined  at  all  times; 


H  (t)  =  l  ug(t)  (b^(t)b  (t)  +  dg  (t)  dg  (t)  ) 

P 

Q(t)  =  e£  (b^(t)b3(t)  -  d^(t)dB(t)) 


n  ( t )  =  l  (b^(t)be(t)  +  d^(t)de(t))  . 


3 


This  fact  simply  reflects  the  feasibility  of  a  particle 
description  at  all  times.  That  these  operators  are  seldom 
mentioned  in  this  work  is  just  a  matter  of  convenience  of 
computation . 


4 )  The  External  Field  A(x) 

The  necessary  mathematical  criteria  for  A(x)  are 
not  certain.  It  is  sufficient  for  A(x)  to  be  a  smooth 
function  of  x  of  fast  decrease;  that  is,  it  may  be  an 
infinitely  differentiable  function  falling  to  zero  at 
infinity  in  all  directions  of  space-time  faster  than  any 
inverse  polynomial.  G.  Labonte  [1973]  has  successfully 
worked  examples  where  A(x)  is  not  of  this  form.  For 
instance,  if  the  external  field  is  purely  electric  with 
continuous , step  function  or  even  6-function  time  depen¬ 
dence  very  bad  spacial  behaviour  may  be  tolerated.  It  is 
through  the  inequalities  that  the  Bogoliubov  transforma¬ 
tions  must  obey,  that  restrictions  on  A(x)  are  imposed. 
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In  this  thesis  the  external  field  will  usually  have 
continuous  (or  at  worst  step  function)  time  dependence 
and  it  is  assumed  that  only  sufficiently  well  behaved 
fields  are  treated.  Since  the  class  of  such  external 
fields  is  quite  large,  this  imposes  little  restriction 
on  the  possible  fields  to  be  examined. 


CHAPTER  II 


TIME  DEVELOPMENT  OF  PARTICLE  FIELD 

1 )  Time  Independent  Potentials 

Consider  the  Dirac  electron-positron  field  \p  (x) 
interacting  with  a  time  independent  external  potential 
A  (x)  : 

(-iy.d  +  m)iMx,t)  =  ey  .A  (x)  ip  (x ,  t)  (1.1) 

i.e.  i  ip(x,t)  =  h^(x,t) 

where  h  =  y°(iy.3  +  m)  , 

O  'V 

and  h  =  h  ey°y.A(x) 

o  ~ 

The  quantized  field  operator  solution  is: 

<Mx,t)  =  e-lht  i|>  (x,0)  (1.2) 

where  ip(x,0)  =  l  f+^(x)b^  +  f_^(x)d^  .  (1.3) 

The  f  D  are  c-number  solutions  to: 

£p 

hf£^(x)  =  eo)  ( 3 )  f  £  ^  (x)  .  (1.4) 

The  bound  states  (w  <  m)  must  be  calculated  by  hand  but  the 

scattering  states  (co  >  m)  may  be  obtained  by  application  of 
the  Moller  operation  to  the  corresponding  free  wave 

functions  f°D  (x)  .  The  free  wave  functions  f°Q(x)  are: 

£  p  ~  £  P  ~ 
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r=o  _  i  m  *  s  ,  .  -ip.x 

+B  "  ^72  ^  w  <e>e  ~  - 


1  m  ^  IP.X 

1  /  m  ,  s  ,  , 

- x  )  v  (p)e 


~  <*>/ 


-B  (27r) 3/2  “(e> 


(1.5) 


where  3  =  (p,s) , 


(Y°w(p)  -  y.g-m)ws(g)  =  0  , 


(Y°w(p)  -  y.p+m)vs(p)  =  0  , 


(1.6) 


2 


and  where  w(p)  =  (p.p  +  m  ) 


The  full  wave  functions  are  then 


feB(5)  =  ^+f£B  <~) 


(1.7) 


Using  (1.4)  in  (1.2): 


ip(x,t)  =  l  e  ^  tf+$  (^)b3  +  eiUJ  ^  tf_(3  (x)  d£  . 


3 


-3VC'“3 


The  creation  and  annihilation  operators  satisfy 
the  standard  anticommutation  relations  with  all  anti¬ 
commutators  but  the  following  vanishing: 


{ b  ^ ,b^ , }  =  6(3,3') 


(dg ,dg , }  =  6(3,3') 


The  vacuum  state  0>  is  such  that 


(1.8) 


b3|0>  =  dg | 0  >  =  0 


(1.9) 


and  <0  0>  =  1  . 
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1  *}* 

The  action  of  b^(d^)  on  the  vacuum  is  to  create  an  elec¬ 
tron  (positron)  of  type  3. 


Description  of  Scattering 


A  solution  of  the  free  field  problem  (A =  0 )  is 
obtained  following  the  same  method  as  used  above  for  the 
external  field: 

-ih  t 

(x,t)  =  e  °  \p  (x,0)  , 

CJ  ~  o  ~ 

(1.10) 

V5'°>  =  l  bef+e (5*  +  de+f-e<5) 

where 


o 

*3 


-ih  t 

ax  (e  °  f°^  (x)  )  (x,t) 


^o+_ 

d3 


-ih  t 

d  x  (e  °  f°  (x))*>  (x,t) 

”  p  ~  o  ~ 


(1.11) 


(1.12) 


and  where  b^  and  d°  are  defined  on  the  Fock  Hilbert  space 

with  vacuum  state  |0>  . 

1  o 

Returning  to  the  problem  with  external  field  A(x), 
an  analysis  of  scattering  is  sought.  For  a  discussion 
of  scattering  to  be  meaningful,  ip(x,t)  must  describe  an 
asymptotically  free  field  as  t  ->■  ±°°.  An  analogy  with 
(1.11)  and  (1.12)  suggests  that  the  creation/annihilation 
operators  defined  by  the  following  limits  must  exist: 


lim 

t->-±°° 


,  -ih  t  * 

d  x  (e  °  f°ft(x))  ip  (x , t )  . 

o  p  ~  ~ 


(1.13) 


+ 

The  limit  t  -»  gives  b  and  d  used  to  define  incoming 


'  ad 
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particles  and  the  limit  t  -*  +°°  gives  b  and  d  used  to 

define  outgoing  particles.  Care  must  be  exercised  in 

the  calculation  of  (1.13)  because  the  strong  operator 

limit  is  desired.  By  (1.2): 


d3x  (g  (x)  )  *ip  (x,t)  = 


d3x (eihtg  (x) )  *i|/  (x,0)  ¥  g  e(£2)4 


so  that 


^  -ih  t 

d  x  (e  °  f  (x)  )  (x,t)  - 


d3x  (fi  +  f(x))*ijj(x,0))  |<f)> 


=  ( 


d  x  [  (e  e 


iht  -ih  t 

°  -  !J  +  )f  (x)]*iMx,0) )  I  4>> 


|(j)>  £  Jir 

(1.14) 


Now  (1.8)  gives: 


(x,0)  ,4^  (x'  ,0)  }  =  6^v6(x-x')  , 


which  in  turn  gives: 


( 


2 .  4 


d  x  (g  (x) )  (x,0) )  |  <j>>  |  |  <  (g,g)  <<}>  I  <J>>  v  g  e  (X  )  / 

|<i>>  £  & 


Combining  (1.14)  and  (1.15) 


(1.15) 


lim  I | ( 

t-*-+°o 


o  ih  t 

d  x  (e  °  f  (x)  )  <Mx,t)  - 


d3x(n.f  (x)  )*<|>(x,0)  )  i  4>> 


<  lim  | | e  e 
t^T00 


iht  -ih  t  i, 

°  f  (x)  -  £2 .  f  (x)  )  I  |<<J>|(|)>2=  0 


I  <i>  >  c  M 


by  definition  of  . 


So : 


■ 


lim 

t-^TooJ 


d3x(e  °  f °3  (x)  )  *ip  (x,t) 


d3x  (Q  f°  (x)  )  (0  ,x)  . 

x  e  p  ~  ~ 


The  incoming  operators  are: 


(1.16) 


in 

’B 


d  x  (ft+f°3  U)  )  *ip  (x,0) 


d3x  (f+3  (x)  )  *\p  (x,0)  = 


,in  + 

3 


d3x(fi+f°^(x)  )  (x,0)  =  d^ 


(1.17) 


The  outgoing  operators  are: 


out 


d  x  (ft_f°3  (x)  )  *\fj  (x,0) 


-  &,V  +  d3 '  (S2-fVM-e-) 


3 


,OUt^ 

3 


d  x(ft_f°  (x)  )  \p  (x,0) 

—  P  ~  ~ 


=  I  bfil  ,ts.f°  ,)  +  dl,  (n_f“  ,n+f“Rl)  . 


t 


-O 


3 


.3 


+  +3W  3 


3  +  -3 


(1.18) 


t, 


The  scattering  matrix  is  defined  by  S  =  (ft__)  £>+  and 


satisfies  [S,h  ]  =  0  so  that: 

o 


(f+3'SfV  =  (f°ft,Sf°R)  =  o  . 


'3  +3' 


(1.19) 


With  this  relation,  (1.18)  becomes 


,  out  _  r  ,  in/4ro  rrO  . 

b3  g,  b3'  f+3 ,Sf+3 ' 


,out^  r  r,in^  ,fo  c^o  v 

d,  =  d3  (f_3,sf_3,) 


3 


3 


(1.20) 


•- 
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A  Bogoliubov  transformation  is  a  linear  relation 
among  creation  and  annihilation  operators  -  in  this  work, 
Bogoliubov  transformations  relate  those  at  one  time  to 
those  at  another  time.  It  is  seen  that  (1.20)  is  a 
simple  example  of  a  Bogoliubov  transformation.  The  sets 
{b^H/d^11}  ,  {b,d}  are  {bout,dout}  all  operate  on  J4'  and 
all  annihilate  the  same  vacuum  | 0> .  Only  one  vacuum  is 
needed  for  all  times  and  (1.20)  shows  that  the  notions  of 
electron  and  positron  don't  become  intermingled  with 
time.  Notice  that  bound  states  seem  to  play  no  role  in 
the  scattering  problem:  only  continuum  wave  functions 
have  been  needed  to  describe  the  system  as  t  ±°°.  This 
is  the  same  as  in  ordinary  c-number  quantum  mechanics. 

Scattering  Amplitudes 

Consider  a  system  in  the  Heisenberg  state  |<J>>.  To 
determine  what  electrons  and  positrons  make  up  the  system 
at  t  +  -oo,  |<j>>  must  be  expanded  in  terms  of  "in"  states: 


<f>>  = 


I  -pz 

nm  /n ! 


on! 


m 


d  “n  d  W2n'£m)b 


in+  ,  in+  ,in+  -,in+ 


a. 


.  .  .b 


a 


n 


3- 


.  .  .  d 


3 


0> 


m 


(1.21) 


To  determine  what  the  system  consists  of  as  t  |  <J>> 

must  be  expanded  in  "out"  states: 


<f>> 


l 

nm 


/n  T  /. rnT 


,3  i  ,3  .out,  •  Q',,out^  ,  out^  ,out  ^  ,out^in> 

d  ar,d  Lin,  (a^/LnJb  ...b  ,  d  ,  ...d„.  1 0  >. 

— n  — m  Tnm  — n  — m  a  '  a  8  ' 

1  n  1 


‘8' 

m 


(1.22) 


- 


1T 
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To  describe  a  system  in  the  state  |<J>>  at  any  time  t , 

|  <j>>  must  be  expanded  in  terms  of  the  particle  states 

as  defined  at  that  time  t. 

Consider  a  system  consisting  initially  of  n 

electrons  with  quantum  numbers  and  m  positrons  with 

quantum  numbers  3  : 

— m 


I  ,in+  ,  int  int  nint , 

l<(>>  =  bo.---bo  d$1  •  •  *dB  i0> 

1  n  1  Mm 


=  ( 


l3^'K°Ut+,  =  + 


d  a,  b^  ,  (S'),  .  ,  )  . 

1  +a^ ,+a|7 


.  ( 


d33’d°Vt+(s)-  ,Ho> 
m  m  m 


,  j  i  ,3„i  ,  .  i  ni.  ,  out ^ 
d  ot  d  3  41  ( ot  1 3  )  b  | 

— n  — m  — n  — m  a^ 


,out^  | 

•  ^•31  I  0  ^ 

Pm 


(1.23) 


where 


(S+) 


+a, +a ' 


'f°a,S+f°a') 


(S)_3^_3»  / 


3  -3 


and 


n 


=  11  +  »  J1  vo;-B  -fi' 

-n  -m  i=1  +ai.  ,+ai  j=i  3j'  3j 


m 

,  n  (s) 


(1.24) 


Between  t  =  ±°°,  the  system  of  n  electrons  and  m  positrons 
is  acted  on  by  the  external  field.  As  t  +  +°°,  the  quantum 
numbers  of  these  particles  have  changed  according  to  the 
scattering  amplitude  ip  of  (1.24)  f  but  the  numbers  of  elec¬ 
trons  and  positrons  remain  constant.  It  is  seen  from 
(1.23)  that  while  the  electrons  and  positrons  may  suffer 
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change  of  spin  components  or  momentum  by  the  action  of 
a  time  independent  external  field,  no  creation  or  anni¬ 
hilation  occurs.  That  no  creation  can  occur  in  a  time 
independent  external  field  will  be  useful  when  attempt¬ 
ing  to  discuss  time  dependent  external  fields. 

2 )  Time  Dependent  Potentials 
Solution  of  the  Differential  Equation 

The  quantized  field  operator  solution  of  the  follow¬ 
ing  Dirac  equation  is  sought 

(-iy.3  +  m)^(x,t)  =  ey  .A  (x , t)  ^  (x , t) 


i.e.  i  —  ^(x,t)  =  h(t)\^(x,t) 

O  L  'v 


(2.1) 


where  h(t)  =  h  -  ey°y*A(x,t)  . 

O 


G.  Labonte  [1973]  has  proved  the  existence  of  a  c-number 


^2  3  4 

unitary  time  translation  operator,  u(t,t'),  on  [ ot  (R  )]  . 

This  operator  satisfies 


i  ~  u  ( t ,  t ' )  =  h  (t)  u  (t ,  t ' ) 


u  (t ,  t )  =  1 


u(t3,t2)u(t2,t1)  =  u(t3,t1)  . 


(2.2) 


Notice  in  the  case  of  time  independent  potentials 
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The  properties  listed  in  (2.2),  lead  to  a  solution  of 

(2.1)  : 

ip(x,t)  =  u  (t,t '  )  i^(x,t 1  )  .  (2.3) 

Auxiliary  Fields 

The  notions  of  vacuum  state  and  particle  state 
must  be  clarified  in  a  situation  of  changing  external 
field.  If  the  system  is  in  the  vacuum  state  at  one  time, 
it  is  in  the  lowest  energy  state  available  at  that  time. 
When  the  external  field  fluctuates,  this  state  may  no 
longer  be  the  lowest  energy  state:  it  is  seen  that  the 
definition  of  the  vacuum  will  change  with  time.  Notice 
however,  if  a  system  is  in  a  state  (always  Heisenberg 
states  are  used)  which  is  the  vacuum  at  one  time  it  may 
not  be  the  vacuum  at  a  later  time  -  creation  may  occur. 

How  precisely  does  the  meaning  of  "vacuum"  and  hence 
"particle"  change  with  time  in  a  time  dependent  external 
field? 

To  discuss  the  vacuum  and  particle  states  at  time 
tQ,  a  new  quantized  field  will  be  defined.  This  auxiliary 

field  satisfies: 

o 

(-iy.3+m)ik  (x,t)  =  ey.A(x,t  )ip  (x,t)  ,  (2.4) 

L.  ~  *v  U  L 

o  o 

I't  (5'to)  =  ^'V  • 
o 


and 


(2.5) 


' 
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So  ip  is  the  solution  of  a  time  independent  problem 
o 

and  agrees  with  the  actual  field  ip  at  time  t  .  ip 

o  *t0 

behaves  in  exactly  the  same  way  as  ip  would  have,  if  the 
external  potential  A(x,t)  had  been  held  constant  at 

Because  \p^  is  the  quantized 


A(x,t  )  after  time  t 
~  o  o 


'O 


field  of  a  time  independent  problem: 

K  (x,t)  =  l  f+°(x)b3°e’"laj^)  f_°(x)d3°  ela)(3)t 


o 

where 


3 


btoe-im(3)t  f-,3  11 


3 


dto+  ia)(3)t  = 

3 


d"x  (f+3  (x)  )  *ipt  (x,t)  , 

o 

r  o  t 

d  x  (f_°  (x)  )  *ipt  (x  ,  t )  , 

o 


and 


bB° I 0>t  =  dg°l0>t  =  0  • 

o  y  o 


(2.6) 


The  following  identification  is  made: 
t  -iuj  ( 3)  t 


w 

,  o 

=  be 

w 

-,to 
=  dB 

1° (t  ) > 

=  |  0> 

o 


to  -iw  (3) t 


o 


t 


(2.7) 


Because  of  the  initial  condition  (2.5),  the  q-number  ener¬ 
gy,  charge  and  number  operators  of  the  actual  and  the 


auxiliary  fields  are  the  same  at  time  t 


o 


The  Heisenberg 


equations  for  ip  and  ip^  are  also  identical  at  time  t  .  It 

o 

is,  therefore,  meaningful  to  adopt  (2.7)  as  the  definition 
for  the  vacuum  and  particle  annihilation  operators  of  the 


actual  field  ip  at  time  t  . 

r  o 


* 
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The  auxiliary  field  can  easily  be  decomposed  into 
positive  and  negative  frequency  parts  since  it  is  the 
solution  for  a  time  independent  external  field.  It  is 
not  clear  how  to  make  a  comparable  decomposition  for  the 
actual  field  because  the  external  field  varies  with  time. 
In  the  time  dependent  problem,  the  vacuum  keeps  changing 
and  the  frequencies  in  may  change  as  well  -  the  notion 
of  positive  and  negative  frequencies  becomes  obscured  in 
a  time  dependent  problem.  It  is  for  this  reason  that 
auxiliary  fields  are  needed. 


Bogoliubov  Transformations 

Consider  the  quantized  particle  field  at  two  times 
t^  and  t2.  At  each  time  there  will  be  an  appropriate 
Fock  Hilbert  space  with  vacuum  |0(t)>,  operators  b^(t) 
and  dD (t) ,  and  c-number  wave  functions  f^Q(x).  Equation 

p  b  p  ~ 

(2.3)  says: 


ip(x,t2)  =  u  (t2  ft1)  ip  (x,t1)  . 


Decomposing  each  ijj  as  in  (2.6)  and  using  (2.7): 

"t  t  t  t 

VV  =  ^  +3  'u  ^2  ftl^  f+3  '  ^  b$ '  ^1  ^  +  ^f+S'u  ^2  ftl^  f-3  '  ^  d3,^ti^ 

P 

^2  ^  =  ^  ^f-3,u^t2,tl^f+3'  ^b3'  ^1^  +  (f_3'u(t2/ti)  f-3'  ^  d3'^  fcl^ 

(2.8) 


The  cross  terms  in  (2.8)  may  or  may  not  be  zero.  Time 
dependence  of  the  external  field  has  led  to  a  more  com¬ 
plicated  Bogoliubov  transformation  than  (1.20).  For 


■ 
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(2.8)  to  be  meaningful,  | 0 (t  ) >  must  lie  in  %  and 

fcl 

hence  c  J4.  .  Interchanging  the  roles  of  t,  and  tn  , 

2  ^1  12 

it  is  seen  that  =.#  is  required.  An  equivalent 

rl  t2 

criterion  is  that  (2.8)  be  unitarily  implementable . 

If  the  external  field  admits  asymptotically  free 
states  for  large  times,  (2.8)  will  hold  for  t^  +  -°°  and 
^2*^  +0°*  these  limits,  the  quantities  labelled  by  t^ 

become  "in"  quantities  and  those  labelled  by  become 
"out"  quantities.  Scattering  calculations  are  now 
possible . 


Creation  Problem 

Consider  a  system  in  a  Heisenberg  state  |  <j>>  which 
is  the  vacuum  state  at  time  t^:  the  physical  appearance 
of  the  system  at  time  t^  is  that  it  contains  no  electrons 
or  positrons.  What  does  the  system  look  like  at  a  later 
time  t^? 


cf)>  = 


0(t1)> 


=  I 


nm 


/n ! 


mi 


i 


da  d3  ^nm(a  ,3  )b*  (t0) 
— n  — mT  — n ' -m  a  '  2 


dL(t2>  |0(t2)> 


(2.9)  . 


The  system  at  time  is  a  superposition  of  many  particle 
states.  The  amplitude  for  creation  of  n  electrons  and  m 
positrons  with  quantum  numbers  and  3^  respectively  is 
ipnm(an,0  ).  It  is  knowledge  of  ipnm(an/3^)  that  is  required 
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in  order  to  discuss  creation.  Chapter  III  will  demons¬ 
trate  how  to  obtain  ^nm(a^,3  )  once  the  Bogoliubov 
transformation  (2.8)  is  known. 


3 )  Example:  The  Scalar  Field  with  a  c-number  Source 


This  example  illustrates  the  use  of  the  auxiliary 
field  in  obtaining  the  time  development  of  a  system.  The 
desired  relation  between  creation  amplitudes  and  Fourier 
components  of  the  external  field  also  emerges. 

Consider  a  neutral  scalar  field  <J>  in  the  presence 
of  an  external  c-number  source  p.  This  problem  may  be 
handled  by  essentially  the  same  method  used  for  fermions. 
The  equation  of  motion  is: 

(□  +  m2)c}>(x,t)  =  p(x,t)  (3.1) 


where  p(x,t)  =0  v  t<t  and  t  >  t . 

tD  1 

The  incoming  field  (j>^n  may  be  decomposed  into  creation 
and  annihilation  operators: 


(x) 


( 2  7T ) 


3/2  J 


d3k 


/2a)(k) 


,  in  -ik.x  ,  in+  ik.x 
(ak  6  +  ak  e 


(3.2) 


where  k  =  co(k)  =  /k.k  +  m2  . 
o  ~  ~ 

The  operators  a  and  a^  are  the  standard  boson  annihilation 
and  creation  operators. 

The  retarded  Green's  function  Ar  is  defined: 


" 
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Ar (x)  =  0  (xq) 


( 2  tt  ) 


d3k  ik-x 

— cfc)  e  sin  (oo  (k)  t )  . 


(3.3) 


A  solution  to  (3.1)  is 


(p  (x)  =  (pin  ( X )  + 


d  y  Ar (x-y) p (y) 


(3.4) 


The  auxiliary  field  needed  to  describe  particles 


at  time  t  satisfies 
o 


(□  +m  )  (J>  (x,t)  =  p(x,t  ) 

L  ~  'v  O 

o 

4)  ( x / 1  )  =  <J>(x,t  ) 

L-  ^  ~  w 

o 


9 1  yt 


(p.  (x,t) 


t=t 


=  IT  + 


O 


(3.5) 


t=t 


To  obtain  (p  (x)  for  times  t>  t  ,  use  (3.4)  with  p  kept 
to  ° 

constant  at  p(x.t  )  after  time  t  : 

K  ~  o  o 

J°  3 

<j>t  (x)  =  <J>in(x)  +  dyG  d  Y  Ar  (x-y)  p  (y,yQ) 


+ 


dyo  d  y  Ar(x-y)p (y,to) 


o 


(2tt) 


3/2  J 


3 

d  k  ,  , ,  »  -ik.x  ,  t/,  x  ik.x. 

-  (ak(to)e  +ak(to)e  ) 


/2co  (k) 


+ 


(2tt) 


3/2  J 


d3k 

102  (k) 


ik.x 


p  (k,t  )  e 


(3.6) 


where 


ak(to> 


t 


in  ,  l 

a,  + - 

k 


/2lo  (k) 


o 


—  oo 


dy  e 
2  o 


ioo(k)y^  ico  (k)  t 

p(k,yo)  - 


/2io(k)3/2 


P  (k,t  )  > 

«\» 


(3.7) 
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and 


p^'V  = 


(2  it) 


3/2 


,3 

d  x  e 


ik  .x 


P  ^'to)  * 


As  in  the  fermion  development,  the  operators  defined 
using  the  auxiliary  field  at  time  t  may  be  used  for 


the  actual  field  at  time  t  .  The  vacuum  for  (j) 

o 


t0  ’ 


0(tQ)>,  is  the  physical  vacuum  for  <j>  at  time  to;  a 


t 


particle  of  momentum  k  at  time  t  is  a,  (t  )  0 (t  )>. 

*  o  k  o  1  o 

The  Fock  Hilbert  spaces  .  and  coincide. 

o 

If  the  system  is  initially  a  vacuum,  what  does 
it  look  like  at  time  t? 


CO 

0>.  =  a°(t)  |  0  (t )  >  +  y  -±— 

in  n=l  /nT 


d3k. 


d3k 


n 


/2a>  (k^) 


/2a)  (k  ) 
n 


an  (k1 , . . ,kn ,t) a^  (t) - - a^  (t)|0(t)>  . 

~1  ~n 


(3.8) 


Now  a,111  annihilates  1 0 > .  ,  and  a,  (t)  annihilates  |0(t)>. 

k  ‘in'  k  1 


Calculating  a^n|p>-Ln  =  0  in  detail  using  (3.8)  and  (3.7), 
it  is  found  that 


/  i  v  n  n 

ct  (k.  , .  .  .k  ,t)  -  -'■--j-j—  (  n  /2io  (k .  )  S  (k.  ,t) ) a  (t)  ,  (3.9) 

-1  ~n  /nT  i=l  1  ~i  ° 


where 


S(k,t)  = 


-l 


/2a)  (k) 


iw(k)y  ia)(k)t 

J  dYoe  + - 


f 


P  (k,t) 


—  00 


/2  a)(k) 


3/2 


Examining  the  system  as  t -*-+<»: 


Sout  (k )  = 


-1 


/2o)  (k ) 


dy  e 
1  o 


iooy 
J  o  ~ 


p(k,y  )  «  p  (k  ,  -a)  (k )  )  ,  (3.10) 

O  <V 


V. 
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where 


P(k  ,oj(k)) 


(  2  TT  ) 


-,4  -ik.x 
d  x  e 


P  (x)  . 


For  a  particle  of  energy  a)(k)  and  momentum  k  to  be  created 
and  contribute  to  any  of  the  amplitudes  an  of  (3.9) ,  the 
external  field  p  must  have  a  non-vanishing  Fourier  com- 
ponent  p(k,Ho(k)).  This  is  the  "conservation"  of  energy 

»v 

and  momentum  law  that  was  anticipated. 


CHAPTER  III 


CREATION  AMPLITUDES 


1 )  General  Solution 
Bogoliubov  Transformation 

In  Chapter  II,  it  was  seen  that  the  creation  and 
annihilation  operators  defined  at  one  time  t2  are  rela¬ 
ted  to  those  at  another  time  t^  by  a  Bogoliubov  trans¬ 
formation.  The  general  form  for  this  transformation  is 


b  (t0)  = 

y  2 


daM- 


t 


1  (y,a)ba  (t^  +  d3M2  (y,  3)  d^  (t1)  , 


daM. 


t 


3 (A ,a)ba (t1) +  d3M4 ( A , 3) d^  (t1) 


(1.1) 


The  inverse  transformation  is: 


b  (t,  )  = 
a  1 


dyM1 (y ,a)b^ (t2)  + 


dAM* (A,a) dj  (t2)  , 


dB(tl)  = 


dyM2 (Y/3)b^ (t2)  +  dAM4 ( A , 3) d^ (t2 ) 


,t 


(1.2) 


The  annihilation  and  creation  operators  at  one  time 
satisfy  standard  fermion  anticommutation  relations  with 
all  but  the  following  anticommutators  vanishing: 

{b(J(ti)  fbg  ,  (t±)  }  =  6(6,3')  , 

{d„  ( ti )  ,dg,  (t±)  }  =  6(3,6')  ,  for  i=l,2.  (1.3) 

Substitution  of  (1.1)  and  (1.2)  into  (1.3)  yields: 
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daM^  (Y/OOM*(y',cO  + 
daM^ ( A , a) M* ( A ' , a)  + 
daM^ (Y, a)M^ ( A,a)  + 


d3M2  (  y,  3)M*  (  y  '  ,3)  =  6(y,y')  , 

* 

dBM4  (X,0)M*  (A'  ,0)  =  6  { X ,  A  ■ )  , 

■ 

d6M2(Y,B)M*iX,B)  =  0  , 


and 


dYl^  (Y,ot)M*  ( Y  ,  ot '  )  + 
dYM2  (y,3)M*  (Y  /  3  ' )  + 
dYM1  (Y#a)M*  (y,3)  + 


dAM^  ( A ,  a)  ( A  ,a  1  )  =6(a,a'), 


dXM4(A,0)M*(A,B')  =  6(0,13')  , 

■ 

dAM3 (A,a)M* (A, 3)  =  0  . 


(1.4) 


(1.5) 


The  Integral  Equations 

Consider  a  system  which  is  in  the  vacuum  state  at 
time  t-^.  To  determine  what  creation  has  occurred  between 
times  t^  and  t2  ,  |0(t^)>  is  expressed  in  terms  of  physical 
particle  states,  as  defined  at  time  t2 : 

00  CO 

)>  =  l  l  . 1_- 

^  n=0  m=0  /nlm! 

dt  (t,) | 0 (t  ) >  .  (1.6) 

pm 

The  coefficients  ^nm  are  to  be  evaluated.  By  definition: 

b  (t1)  I  0  (t1)  >  =  d(t1)|0(t1)>  =  0  .  (1.7) 


da  dB  ^“(a  ,0  )b+  ( t_ ) 
— n  -m  — n'-m  a.  2 


Restating  (1.7)  using  (1.6)  and  (1.2) 


. 
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dajM!  (aj  ,Y)ipnm(an,6m) 


=  /™  l  (-l)n+i^M*(3.,y) 
i=l  J  x 

n  ,  a  8 
^n-l  m-1  (_S.#_a, 

j  i 


(1.8) 


dSjM4  (Bj  ,A)i(jnm(an,3m)  =  /nm  £  (-1) n+1+j +1M2  (ai , A ) 


n-1  m-1  ,an  ®m. 

1  j 


(1.9) 


Many  properties  of  the  integral  equations  (1.8) 
and  (1.9)  were  investigated  by  G.  Labonte  [1973] .  These 
abbreviations  are  used: 


and 


dotMj-  (a ,y)  ip  (a)  =  <}>(Y)  ,  or  =  (p 


d3M4  (8  ,  A)  II  (8)  =  xU)/  or  M4n  =  X 


(1.8' ) 


(1.9') 


The  possible  forms  of  ip  (a)  and  IT  (8)  are  sought. 

In  the  event  that  jdyM-^  (a , y )  (j)  (y )  =  0,  then  <j>(y) 
dyM^  (a,y)  <J>  (y)  ^  0,  then  ip(a)  may  sometimes  exist. 


=  0 


If 


Define  F  (y)  (n  =  1,....M)  as  the  solutions  of 


dyM-j^  (a , y)  F  (y)  =  0  , 


(1.10) 


or  equivalently 


d3M*  ( 8 ,  y)  dy'M3(8,y')F(y')  =F(y) 


It  is  possible  that  M  =  0.  With  these  definitions  ip  (a) 
exists  if  and  only  if  <J>(y)  is  orthogonal  to  F  (y)  for 


all  n  and  in  that  case: 
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ip  = 


I  (M  M  )rM  4,  +  (j,  , 

r=0  z  i  1  0 


(1.11) 


where 


(I  -  M2M2>*o  =  0  • 

Similar  results  hold  for  11(3)  and  x(A).  if 

» 

dXM*(B,X)x(X)  =  0,  then  xU)  =  0.  If  dXM*  ( g,  X)  x  (X)  ?  0 

✓ 

then  n  (3)  exists  if  and  only  if  x(^-)  is  orthogonal  to 
all  F^(A)  (n  =  1,....N).  The  F^(A)  satisfy: 


daM2 (a ,  A) 


dA'M* (a ,  A  '  )  F  '  ( A ’ )  =  F*  (A) 


or  equivalently 


dAM* (3,A)F*  (A)  =  0 


When  n (3)  does  exist,  it  has  the  form 


CO 


n  = 


l  (M3M3)  m4x  +  x0  , 
r=0 


where 


(1.12) 


(1.13) 


(I  -  M3M3)xo  =  0  . 

There  is  a  one  to  one  correspondence  between  the  M 


solutions  of 


and 


d3M4 (3,A)G(3)  =  0 


dyM-^  (a  , y  )  F  (y )  =  0  . 


(1.14) 


There  is  also  a  one  to  one  correspondence  between  the  N 


solutions  of: 
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daM^  (a  ,y  )  G  '  (a)  =  0 


and  dAM* (3,A)F' (A)  =  0  .  (1.15) 

These  G  and  G'  functions  are  the  quantities  that  will 
.  nm 

appear  m  ip 

Much  algebraic  consideration  is  needed  to  finish 

solving  (1.8)  and  (1.9).  Most  i|/im(a  ,3  )  are  zero. 

— n  - hxi 

-i  ,  N+£  M+£  ,  o  \  •  n  n  -I 

Only  ip  '  survive,  £  =  0,1,...  . 


, NM ,  n  .  , 

^  =  c  det 


G*  (o^) 


O 


0 


G(4} 


,  N+£ ,M+£ ,  0  . 

^  ^+£'-§M+£J 


£  (£+1) 
c  (  —  1 )  2 

/  (N+£)  !  (M+£)  ! 


x 


(1.16) 


x  det 


(1.17) 


where 


oo 


X(a.,3.)=  l 
3  x  r=0 


da  (M2M2  )  r  (a  j  ,a ) 


dyM1 (a ,y)M3 (3i ,y)  .  (1.18) 


So  it  is  seen  that  knowledge  of  the  Bogoliubov  transfor¬ 
mations  (1.1)  and  (1.2)  allows  calculation  of  the  desired 
creation  amplitudes. 


2 )  Some  Properties  of  the  Creation  Amplitudes 

The  probability  amplitude  for  creating  N+£  electrons 
and  M+£  positrons  with  quantum  numbers  and  res¬ 

pectively  is  given  by  (1.17).  In  this  situation  N  elec¬ 
trons  are  created  in  isolation,  M  positrons  are  created 
in  isolation  and  £  electron-positron  pairs  are  also  created, 

N+£  m+£ 

That  ij )  '  is  the  determinant  of  a  matrix 

guarantees  that  fermion  statistics  are  in  use.  There 
are  many  ways  to  choose  N  electrons  from  N+£  to  be  created 
in  isolation  and  many  ways  to  choose  M  positrons  from  M+£ 
to  be  created  in  isolation.  The  remaining  £  electrons  and 
£  positrons  may  be  matched  off  in  pairs  in  many  ways. 

Each  of  these  many  ways  of  creating  the  N+£  electrons  with 
quantum  numbers  aN+^  and  the  M+£  positrons  with  quantum 
numbers  3^+£  contributes  with  equal  probability  amplitude 

to  ^  ^U+£  '  -^M+£  * 

The  form  of  (1.17)  further  demonstrates  that  each 
of  the  creation  events,  whether  isolated  or  pair,  remains 
independent  of  the  others.  This  is  exactly  what  is  ex¬ 
pected  in  an  external  field  problem:  it  is  impossible 
for  the  electrons  and  positrons  to  interact  so  creation 
of  one  particle  or  pair  doesn't  effect  any  other  creation. 


. 


•: 
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There  are  the  two  types  of  interaction  of  the  external 
field  with  the  particle  field.  The  first  type  is 
creation  or  annihilation  of  a  pair  or  scattering  of  a 
particle.  The  second  type  is  isolated  creation  or 
annihilation  of  a  particle.  These  may  be  illustrated 
with  "Feynman"  diagrams  (figure  1). 

Since  all  creation  events  are  just  a  mixture  of 
isolated  particle  creation  and  pair  creation  events, 
the  amplitudes  G,  G'  and  x  contain  the  entirety  of  infor¬ 
mation  concerning  creation.  If  the  external  field  is 
weak,  in  the  sense  that  N  =  M  =  0,  it  is  the  function  x 
alone  which  is  of  interest. 


3)  Creation  from  Particle  States 


In  sections  1)  and  2) ,  the  system  was  in  the  vacuum 
state  at  time  t^.  If  the  system  were  in  some  particle 
state  at  time  t1  no  essential  difference  is  expected 
because  the  particles  don't  interact  with  each  other. 

Suppose  the  system  contains  one  electron  of  type 
a  at  time  t^.  The  physical  appearance  of  the  system  at 
time  t2  may  be  obtained  by  applying  (1.2)  to  (1.6): 


bht. )  |o(t.  )>  =  l 


a 


i=0  /  (N+£)  !  (M+£)  ! 


d^N+£d^M+£  X 


x( 


t 


dyM1 (y,a)b^  (t2)  + 


,N+£,M+£/  Q  s  v 

x  f  ‘SW^M+P  x 

dAM,  (A  ,a)  dA  (t,)  )ba^x0  (t0)  |  0  (t,)  >. 


(3.1) 
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Fig „ _ 1  Possible  "Feynman"  Diagrams 


The  eight  basic  "Feynman"  diagrams  for  the  interaction 
of  electrons  and  positrons  with  an  external  field: 
a)  electron  scattering,  b)  positron  scattering,  c)  pair 
creation,  d)  pair  annihilation,  e)  isolated  electron 
creation,  f)  isolated  positron  creation,  g)  isolated 
electron  annihilation,  and  h)  isolated  positron  anni¬ 


hilation  . 
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Consider  the  Jlth  term  in  this  summation.  This  is  a 
superposition  of  two  states:  the  first  contains  N+&+1 
electrons  and  M+£  positrons  as  defined  at  time  t2;  the 
second  contains  N+&  electrons  and  M+£-l  positrons.  As 
with  the  vacuum  at  time  t-^,  here  N+£  electrons  are  created 
along  with  M+£  positrons.  The  initially  present  electron 
simply  survives  or  else  annihilates  with  a  created 
positron. 

More  complicated  many  particle  states  at  time  t^ 
may  be  examined  at  time  t2  by  using  (1.2)  and  (1.6)  again. 
No  new  phenomena  are  observed  -  creation  is  completely 
described  by  the  found  in  (1.17)  and  by  the 

relevant  Bogoliubov  transformation  (1.2). 

4 )  Weak  External  Fields 

The  situation  of  N  =  M  =  0  will  be  easiest  to 
handle  since  only  pair  creation  occurs.  A  Bogoliubov 
transformation  where  N  =  M  =  0  is  called  weak  and  the 
corresponding  external  field  is  also  referred  to  as  weak. 
The  following  situation  helps  motivate  the  terminology 
"weak"  and  illustrates  that  the  class  of  weak  external 
fields  is  not  devoid  of  interest. 

Consider  an  external  field  A(x)  =  0 (t-t  )A(x) 

L) 


which  satisfies: 


" 


. 
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,ey°y  •Aijj)  |  <  (i^  r  |  hQ  |  ip )  *  ip  e  [£2  (R3  )  ]  4  .  (4.1) 


The  potential  energy  of  any  particle  field  in  this  exter¬ 
nal  field  is  strictly  less  than  its  kinetic  energy.  T. 
Kato  [1966]  has  discussed  such  fields  and  proved  that 
(4.1)  guarantees  the  essential  self  adjointness  of  the 
c-number  operator  h  on  a  large  domain.  Many  useful  poten¬ 
tials  (e.g.  simple  harmonic  oscillator  and  Coulomb  for 
z  <  87)  satisfy  (4.1). 

The  values  of  N  and  M  for  this  field  are  sought. 

How  many  solutions  are  there  to  the  following  equations? 


dyM^ (a ,y)F (y)  =  0  ,  (4.2) 

4 

dAM* ( 3 / A ) F ' (A) =  0  .  (4.3) 

✓ 

Using  (II-2.8)  with  =  tQ  and  t >  tQ ,  these  equations 
become : 


-ih  (t-t  ) 

l  <f+a,e  °  f°  >F(Y)  =  0  ,  (4.4) 

Y 

-ih(t-t  )  * 

£(f_^,e  °  f_^)F*  (M  —  0  ,  (4.5) 

X 


where  f  is  a  c-number  wave  function  corresponding  to 

ea 


the  full  operator  h  =  h  -  ey°y-A(x).  Since  the  f£a  are 


o 


eigenfunctions  of  h,  (4.4)  and  (4.5)  are  equivalent  to: 


hf+a,f:Y>F(Y)  =  0 

Y 

I<  f_3,f!A)F,*(X)  =  0 


(4.6) 


A 


(4.7) 


- 


' 
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For  (4.6)  and  (4.7)  to  hold,  sets  of  coefficients 
{a^}  ^  {0}  and  {b^}  ^  {0}  must  exist  such  that: 

4°  =  I  f°  )F(Y)  =  I  f_B)a  ,  (4.8) 

y  e  p  p 

=  I  f?A)F'*U)  =  l  f+6)b6  .  (4.9) 

X  6 

The  following  matrix  elements  are  of  interest: 

(4>°,hi|j°)  =  (ip°,  hQi/j°)  +  (ip° ,  (-ey°y.A)  ip°) 

=  “  (^°r  |ho  |i|;°)  +  (^°,(-ey°y-A )  ip°) 

^  -  (i|j°,  |hQ  |ij;°)  +  |  (^°  ,ey°y  .Aijj°)  |  . 

<  0  ,  (4.10) 

but : 

=  I  l  b*,b6(f+6I,hf+6)  >  0  .  (4.11) 

6  6  ' 

Also : 

W+,hi|>°)  =  +  W°,(-ey°yA  )il>°) 

=  (^+/lhQl^+)  +  (^,(-ey°y*A)^)  . 

>  0  ,  (4.12) 

but : 

<*>*?>  =  J-  I,  5  °  • 


(4.13) 


: 
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The  contradiction  between  (4.10)  and  (4.11)  and  between 
(4.12)  and  (4.13)  indicates  that  no  non-trivial  solution 
exists  for  either  (4.2)  or  (4.3).  In  other  words,  N=M=0 
and  the  external  field  is  weak. 

5 )  Strong  External  Fields 

Consider  now  an  external  field  for  which  at  least 
one  of  N  and  M  is  non-zero.  From  the  discussion  of 
sections  2)  and  3) ,  it  is  known  that  N  isolated  electrons 
and  M  isolated  positrons  are  created  with  certainty. 

If  N  ^  M,  then  charge  is  not  conserved.  The 
charge  operator  at  time  t  is 

Q  (t)  -  ej  (bg  (t)bg  (t)  -  d+(t)dg(t))  .  (5.1) 

Applying  Q(t^)  and  Q(t2)  to  the  Fock  basis  of  states  at 
either  time  t^  or  t2  yields: 

Q(t2)  =  Q(tx)  +  (N-M)  el  .  (5.2) 

While  [Q  (t) ,H (t) ]  =  0  at  all  times,  charge  is  not  con¬ 
served.  This  is  a  result  of  Q(t)'s  explicit  dependence 
on  time  through  b^  (t)  and  d^(t). 

The  calculations  of  section  4)  give  some  insight 
into  isolated  creation.  A  positron  may  be  created  in 
isolation  (M  /  0)  only  if  a  non-trivial  solution  exists 
for  (4.2).  Examining  (4.12)  and  (4.13)  this  may  happen 
only  if: 
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(^+/h0^+)+  <  0  . 


(5.3) 


In  other  words,  the  total  energy  of  the  field  must 
become  negative  after  the  large  potential  energy  -ey°yA 
has  been  added  to  the  system  at  time  t  .  While 
contains  only  free  electron  states  before  t  ,  it  must 
contain  only  positron  states  after  t  -  an  electron 
energy  level  has  "crossed"  over  E  =  0  and  become  a  posi¬ 
tron  level. 

In  the  case  of  isolated  positron  creation,  equations 
(1.1),  (1.14)  and  (4.2)  indicate  that  for  an  appropriate 

X: 


dx(t2) 


daIVU  ( A  ,a) b  (tn  ) 
3  a  1 


(5.4) 


To  see  the  effect  of  such  a  Bogoliubov  transformation  on 
charge  conservation  consider  this  example: 

d^(t2)  =  b(t^)  (5.5) 

and  compute  the  charge  contribution  from  this  state. 

Q(t1)  =  eb^(t1)b(t1) 

=  ed(t2)d^(t2) 

=  e  (1  +  d+  (t2)  d  (t2)  ) 

=  e  +  Q  (t2 )  .  (5.6) 

The  strong  Bogoliubov  transformation  has  shifted  an  elec¬ 
tron  level  into  the  negative  energy  region.  An  isolated 
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positron  was  created  and  an  extra  charge  of  -e ,  the 
charge  of  a  positron,  was  observed. 


6 )  Pair  Creation  Amplitude 

The  External  Field  and  Its  Auxiliaries 


The  pair  creation  amplitude  y(a,3)  will  be  examined 
for  a  particular  class  of  external  fields  A(x,t).  Only 
weak  external  fields  which  have  no  bound  states  are  con¬ 
sidered.  Furthermore,  since  a  scattering  experiment  is 
to  be  performed,  A  must  have  good  behaviour  for  large 
times : 


lim  A (x , t )  =  Ain(x)  , 

<v 

->—oo 

lim  A (x , t )  =  AOUt(x)  . 

t-H-co 


(6.1) 


The  spacial  dependence  of  Aln  and  Aout  must  allow  asymp¬ 
totically  free  states  according  to  criterion  (II-1.13). 

If  f11?  and  f°^  are  c-number  wave  functions 

e3  _  £3 

corresponding  to  Ain  and  Aou^  respectively ,  the 
Bogoliubov  matrices  are: 


1^(13, 6')  = 

/  rOUt  /  \  jn 

(f+^  ,U  (00,-00)  f 

m2 ( e , b  ■ )  = 

(f+g  , u  (00,-00)  f 

M3  ( S  r  6 ' )  = 

(f  , u  (00,-00)  f 

-  p 

M4 ( 6 , 6 ■ )  = 

(f_g  ,U  (00, -oo)  f 

in 
+  3 
in 

-3 

in 

+  3 

in 

+  3 


9 


(6.2) 


■ 
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with 


f 


in 

e$ 


/ 


out 


(AOUt) f°g 


From  Chapter  II,  it  is  known  that  time  independent  exter¬ 
nal  fields  don't  cause  creation.  Scattering  amplitudes 
for  change  of  momentum  processes  are  given  by  (II-1.24). 
Without  much  loss  of  generality,  Ain  and  Aout  are 
chosen  to  be  zero.  As  a  result,  f^  =  f^^  =  f°^  and 
equations  (6.2)  become  simpler. 

The  matrices  of  (6.2)  may  be  obtained  from  limits 
of  a  number  of  different  external  field  problems.  Con¬ 
sider  firstly  this  potential: 


A'  (x)  =  A  (x,^)  ,  t  <  t1 


A' (x)  =  A (x)  ,  t1  <  t  <  t2 

A'  (x)  =  A (x,t2)  ,  t  >  t2 


with  c-number  wave  functions: 

fe3(~}  =  )fe3  ' 

and 

f^g(x)  =  (A (x,t2) ) f°^  .  (6.3) 

This  is  the  auxiliary  field  problem  as  set  up  in  (II-2) . 
The  Bogoliubov  transformation  relates  operators  at  time 
to  those  at  time  t2  by: 

m|(3,3')  =  (f+3'u^t2'ti)f+3')  '  etc*  (6.4) 
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Taking  t^~>-  and  t2  -*■  +°°  in  (6.4)  reproduces  (6.2). 

A  second  related  external  field  problem  is: 

A" (x)  =0  ,  t  <  t1 

A"  (x)  =  A(x)  ,  t^  <  t  <  t2 

A" (x)  =  0  ,  t  >  t2  .  (6.5) 

The  corresponding  Bogoliubov  transformation  is : 

M^(3,$')  =  (f°^,u(t2 ,t1) f°^, )  ,  etc.  (6.6) 

Taking  t^->--oo  and  t2  ■>  +°°  in  (6.6)  also  reproduces  (6.2). 
Switching  the  potential  on  suddenly  at  time  t^  and  off 
suddenly  at  time  t2  may  introduce  Fourier  components 
into  the  decomposition  of  A"  which  aren't  present  in  A. 
However,  since  A  becomes  small  as  t^->  -°°  and  t2  -*  +<», 
the  jump  which  A"  suffers  at  times  t-j  and  t2  becomes 
small  and  vanishes  in  the  limit.  In  this  limit.  A,  A' 
and  A"  have  same  frequency  components. 

To  calculate  x  the  Bogoliubov  transformation 

(6.6)  will  be  used  and  the  limits  t^->  -«>  and  t2->  +»  taken. 
For  convenience,  the  primes  on  the  1XL  in  (6.6)  will  be 
omitted.  As  mentioned  above,  for  this  sytem  x(<*,3)  will 
contain  the  complete  knowledge  of  creation  phenomena. 

Explicit  Calculation  of  x(°^f3) 

The  representation  of  the  Dirac  y  matrices  which 
appears  under  Notation  is  used.  The  definitions  of  f°^, 
ws (p)  and  vs (p)  of  (II-1.5)  and  (II-1.6)  are  retained. 


1  .  ■  «.  a  ■  -  ! 
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ln  the  standard  representation: 


"*'e>  . 


vS  (p)  =  /£M±E(l  +  4^->vS«»  , 

~  >/  2m  co(p)+m 


(6.7) 


where 


w1  (0 ) 


1 
0 
0 
0 


w2  (0) 


0 
1 
0 
0 


v1  (0) 


0 
0 
0 
1 


v2  (0 ) 


0 
0 
1 
0 


Remembering  that 
(f 


,g)  =  f  d3x  f  1  (x)  g  (x) 


the  orthonormality  relations  follow: 

(f°ps'  f°,p,s,)  =  6ee,iss,i  (S~5 ' 1 


(6.8) 


The  Fourier  transform  of  the  c-number  time  trans¬ 


lation  operator  is  defined 


u(p;q)  = 


(2 


\ 


?  ip.x 

d  x  e  ~  ~u (t2 / t1) e 


-iq  .x 


(6.9) 


' 
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Since  u(t0,t,)  contains  8  dependence  as  well  as  the  x 

dependence  which  it  inherited  from  A(x),  it  doesn't 

-iq  «x 

commute  with  c-number  functions  such  as  e 


It  is  possible  to  calculate  (6.6)  in  detail: 


M, (pr ;qs )  = 

J.  <v  ^ 

1 

m 

r 

w 

+ 

(P) 

■V 

(2-rr)  3/2 

/o)(p)  03  (q) 

M9(pr?qs)  = 

1 

m 

r 

w 

+ 

(P) 

(2,)3/2 

/03  (p)  03  (q) 

Mo(pr?qs)  = 

1 

m 

r 

V 

t 

(P) 

<2*)3/2 

/03  (p)  03  (q) 

M .  (pr ;qs )  = 

1 

m 

_  r 

(p)  + 

(2tt)  3/^2 

/03  (p)  o)  (q) 

V 

Using: 

l  wS(g)+  wS<P>  =  ^  Y°  - 

s 


it  follows  that: 

M, (psqr )  =  - m  wS  (p)  ^ 

1  J  ~  ~  (2tt)  /u)(p)o)(q) 


u  (p;q)  wS  (q) 
u (p?-q) vS (q) 

<v 

u  (-p;q)  wS  (q) 

*N/  «V 

u(-p;-q)  Vs (q)  . 

A/  ^ 


d3p 

03  (  P) 


u  (p;P) 

<v  *v 


(6.10) 


(6.11) 


x 


x 


Y«P  +  m 

2m 


y  [u (-q;P) ] t}vr (q) 


_  m/(03(p)+m)  (fa)(q)+n5'us  ( 0 )  + 1 


2(  2  7T  )  /o3  (p)  03  (q) 


d3p  y 

Q  F  ( T+  'v  ~ 

03  (P)  v  03(p)  +m 


P  ~  y . P+m 

)u(p;P)  -  Y 


rv 


2m 


x 


o 


i+ 


y.q 


lut-qjpj'U  +  sj^pa) 


}  vr  (0) 


(6.12) 


Replacing  u(p;P)  and  u(q;P)  by  their  defining  integrals, 

»S/  ^  A/ 

another  expression  for  (6.12)  is  obtained: 


M 
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M 


,M*(psqr)  .«W»iEWte(q)l2Lws  (0)tfu  , 

~  ~  2(2-rr) 6  /STp)u(q)  “)<P>+m  j 


Y-P 

I  +  -7— rr — ) 


,3  ,3 

d  x  d  y 


ip  -x 

e  ~  ~u ( x )  [ 


d^P  ~  y » P+m 

oo  (P )  2m  Yoe 


iP  -y 

*v> 


]  uf  (y )  e 


lq.y 

<v  «N/ 


(I+STqf+H)}vr(°)  • 


(6.13) 


The  P  integration  may  be  carried  out  explicitly: 


M  M* 
13 


(psqr )  =mA4pHm)(u>(a)+m)_ws  (0)  +{  (I 


Y-P 


*N/  *V 


2(2tt)  /oo  (p)  a)  (q) 


co(p)+m) 


3  j 
d  x  d  y 


ip  -x 

e  ~  ~u  (x)  F  (x-y)  u  '  (y )  e 


+  -iq-y  Y-q 

I  /  _  _  \  ^  xy  X 


(1  + 


CO 


(q)+m 


) }v  (0 )  ,  (6.14) 


where 


t.  /  \  (2  it)  r  ,  .  27rm  o,  .  ^  ,  .  ,  ,  .  . 
F  (z)  =  — ^ —  6  (z)  +  — —  y  (-iy  •  zk2  (mz)  +  (mz)  ) 


(6.15) 


By  (1.18),  the  pair  creation  amplitude  x  vanishes 
if  does,  so  it  is  hoped  that  (6.12)  and  (6.14)  are 

zero  when  the  field  A  is  not  suitable  for  creating  pairs. 
The  only  unknown  quantities  in  (6.12)  and  (6.14)  are  u 
and  u.  It  is  the  investigation  of  the  properties  of  these 
operators  that  is  of  concern  in  Chapters  IV  and  V. 


CHAPTER  XV 


A  PERTURBATION  CALCULATION 


1)  An  Integral  Equation 

In  this  section  an  integral  equation  for  the  c- 
number  time  translation  operator  u  will  be  found.  This 
equation  will  be  useful  for  obtaining  a  series  expan¬ 
sion  of  u  in  powers  of  the  coupling  constant  e. 

The  time  translation  operator  u(t2,t^)  satisfies: 

i  u  (t2fti)  =  (hQ+  h'  (t2)  )u(t2/t1)  ,  (1.1a) 

2 

and 

-i  u(t2,t1)  =  u(t2,t1)  (hQ  +  h'  (t1)  )  ,  (1.1b) 

where  h'  (t)  =  -ey°Y • A (x, t )  .  (1.2) 

The  following  initial  condition  holds 

u(t,t)  =  1  ,  *  t  .  (1.3) 


The  free  field  time  translation  uq  satisfies 


(1.1)  and  (1.3)  with  A(x)  =  0: 


uo^t2'tl^  e 


-i(t2-t1)ho 


(1.4) 


Equation  (1.1a)  suggests  that 


u(t2,t1)  =  u^(t9,tn  )  + 


ov  2' W1 


(t2  ,  t )  h '  (t )  u  (t ,  t^ )  dt  ,  (1.5) 


where  (i 


3t. 


-  h  )  G  (t0 ,  t)  =  6  (t9-t)  . 


o 


(1.6) 
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Consideration  of  (1.1b)  and  (1.3)  allows  selection  of 
the  appropriate  Green's  function  G.  Equation  (1.5) 
becomes : 


u(t2'tl)  =  Uo(t2 


-i (t~-t )  h 

e  °  h ‘ (t) u (t , t^ ) dt  . 

(1.7) 


2 )  The  Perturbation  Expansion  of  u 

Equation  (1.7)  may  be  rewritten  to  show  the 
occurrence  of  the  coupling  constant  e  explicitly: 

t'i  -itt9-tjn^ 

yuyA  (x,t)u  (t,  tjjdt, 


u  (t2  ,t1)  =  UQ  (t2  '  +  ie 


2  -i(t0-t)h 

2  o  o 
e  “  ' 


/ 

t. 


(2.1) 


In  (2.1),  u(t,t^)  may  be  rewritten  using  (2.1)  itself: 


u(t2,ti)  =  uQ(t2'ti^  +  ie 


r2  -itt2-l)h0  Q 

e 


Y  y.A(x,T)uo(i,t1)dT 


t. 


-e 


fc2  T 
dT 


-i(t?-T)h 

dt'  e  °  Y°Y •  A  (x ,  t )  e 


-i (t-t  •  ) h 


tl  tl 


Y  Y  •  A  (x ,  t  '  )  u  (  t  '  ,t.  ) 


(2.2) 


This  process  of  replacing  each  occurrence  of  u  on  the 
right  side  of  the  integral  equation  by  the  formula  (2.1) 
may  be  repeated  again  and  again: 


* 
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n  •  ^2  Tn+2 

u(t2,ti)=  l  (-e)1ui(t2,t1)+  (-e)n+1 


dx 


t. 


n+1 *  * ‘ 


2 


n+1  -i  (t .  , -t . ) h 

dTl  11  (“ie  1  10  y°y.A(x,T  .  )  )U  (  X ,t  )  , 

i=l  1  1  1 


(2.3) 


where 


uj(t2/t1)  = 


t2“Tj+l 


T  2 


dx j  .  .  . 


3  -i  (x .  . -t  .  )  h 

dx,  n  (-ie  11  1  °  x 

JL  •  -| 

i=l 


o 


y  y.A(x,xi) )uo(x1,t1)  . 


(2.4) 


In  this  manner  an  expansion  for  u  is  obtained  in  terms 
of  powers  of  the  coupling  constant  e.  Notice  that  after 
n  iterations,  uq  appears  in  the  first  n  terns  and  it  is 

n+-L 

only  in  the  term  of  order  e11  ,  that  u  is  found.  If 

A(x)  is  known,  it  is  possible  to  calculate  these  first 

2 

n  terms  explicitly.  Since  e  ^  1/137,  it  is  possible 
that  the  formal  expansion  (2.5)  for  u  obtained  from 

infinitely  many  iterations  may  converge: 

00 

u(t0,tn)  =  l  (-e)i  u. (t9,t.)  .  (2.5) 

z  l  i=0  1 

The  series  (2.5)  is  the  Neumann  series  for  u.  In  the 
case  that  this  series  converges,  u  may  be  computed 
term  by  term  from  known  quantities  and  may  be  meaning¬ 
fully  approximated  by  truncation  of  the  series. 
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3)  Perturbation  Expansion  of  the  Pair  Creation  Amplitude 


Since  the  Bogoliubov  matrices  are  matrix  elements 
of  u,  equation  (2.5)  may  be  used  to  obtain  a  perturbation 
expansion  for  these  matrices. 


00 


Mi ( b , e • ) 


=  l  (-e)n  M.(n)  (|3, B')  , 


(3.1) 


n=0 


where 


M<n)(B,B')  = 


M^n) (3, 6' )  =  (f°e,unf°e,) ,  etc. 


(3.2) 


The  matrix  element  (f£^,unf £ ^ , )  is  the  amplitude 
of  a  proper  Feynman  diagram  of  n  vertices  connecting  an 
incoming  particle  (£'$')  with  an  outgoing  particle  (e$) . 
Later  computation  of  this  matrix  element  using  inter¬ 
mediate  states  will  demonstrate  that  this  matrix  element 
describes  the  propagation  of  a  free  particle  with  n 
interactions  with  the  external  field. 

From  the  perturbation  expansion  (3.1)  of  the 
iyb  and  the  definition  (III-1.18)  of  the  pair  creation 
amplitude  X/  an  expansion  for  x  is  found 


V  /  \n  (n) 
X  =  I  (-e)  X 

n=0 


(3.3) 


where 

(n) 

X 


l 


i  , i  ,r.k.£  m= 1 
m'Jm'  '  ' 


n  (M2lm)M23n,)*)  (Mf^f'*),  (3.4) 


- 
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with 


r 


<  l 

m=l 


i  +  j)  +  k  +  l  =  n  . 
m  ■Jm 


The  relations  (3.2)- (3.4)  provide  a  description  of  the 
"Feynman"  diagram  of  Chapter  III  in  terms  of  proper 
Feynman  diagrams . 


Zeroth  Order 


(fe3'Uo(t2,tl)fe,3,)  “  6££,633,e 


-i  (t2-t1)  ego  (3) 


(3.5) 


Only  and  have  non-vanishing  zeroth  order  contri¬ 
butions.  Using  (3.4),  =  0  and  the  absence  of  pair 

creation  in  a  free  external  field  is  reconfirmed. 


First  Order 


(fe3'ul (t2'tl) f£ ' 3' * 


=  -l 


,3 

d  x 


of  ^  t2""T  ^  ho  o 

dx  f°£(x)e  y  y-A(x,T) 


-i  (x-t,  )  h 

1  O  r-O  ,  . 

e  fe.g.<5> 


=  “I 


^3 
d  x 


+  -i  (t,-T)  eo)  (3) 

dx  f°^(x)e  Y  y*A(x,t) 


-i  (i-t,  )  e  '  0)  ( 3  1  )  n 
e  1  f°lgI(x).  (3.6) 


Letting  t^  -00  and  t^00,  (3.6)  becomes  (up  to  phase) 


=  12,0 


’  d3x  ffg(x) 


Y°y  *  A  (x ,  £0)  ( 3)  ~  e'oo(3'  )  )  f  ° ^  ,  (x)  , 


(3.7) 


. 
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where 


oo 


A(x,w)  = 


(  2  TT ) 


"2  J 

—  oo 


dt  e^ajt  A  (x ,  t ) 


(3.8) 


The  spatial  integration  gives  (up  to  phase) ; 


Ml1)  <Es'1r>=  TZ  —  "  m  wS(p)+Y°Y.A(q-p,lo(p)-co(q))wr(q), 


/03  (p)  0)  (q) 


M9(1)  (ps  ,qr)  = 


2tt 


wS(p)  +  Y°Y  •  A  (-q-p/(jo(p)  +  03  (q )  )  vr  (q ) , 


/a)  (p)03  (q) 


(ps  ,qr )  =  - — - vs(p)+  y°Y  *A  (q+p,-oj  (p)  -o>  (q)  )  wr(q) 

^  /oXp)o3(q)  ~ 


M41) (?S'3r) =  / 


—  ;  — m . -vS(p)  f  y°Y  *  A  (_q+P  /  “00  (p)+oo(q  ))  vr  (q), 

71  4)(p)aj(q)  ~ 


(3.9) 


where 


A  (p  ,03  )  = 


(  2  7T  ) 


A  ip.x  _  ,  . 
d  x  e  c  A  (x) 


(3.10) 


Notice  that  the  Fourier  transform.  A,  guarantees  conser¬ 
vation  of  energy  and  momentum  at  the  one  vertex  of  inter¬ 
action  with  the  external  field. 

The  first  order  contribution  to  pair  creation  is 
(up  to  phase) : 


X(1)  (ps,qr)=  A 


m 


wS  (p)+  Y°Y  -A  (-p  -q,+03  (p)  +03  (q)  )  vr(q). 


2TT  /o)(p)o3  (q) 


(3.11) 


Unless  the  external  field  has  a  Fourier  component  corres¬ 
ponding  to  the  total  energy  and  momentum  of  the  created 
pair,  no  creation  occurs  to  this  order. 
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Higher  Orders 


The  formula  (2.4)  is  rewritten: 


un^t2,tl^ 


t2  Tn+1 


T, 


dln ' '  * 


t. 


-it~h  n 
ctx  -  e  2  °  n 
1  i=] 


ix.h  -ix.h  it,h 

x  (e  °y°y-A (x, x . ) e  1  °)e 

~  1 


Remembering  that 


£  p 


the  matrix  element  of  (3.12)  may  be  obtained 
*fe3'un*t2'tl)f£' 3'*  = 


£  3 

n  n 


e03. 


,3 
d  x 


n 


0 

}2  n+1 

d  x. 

dx  ... 

1 

n 

tn  t 

dx^  e 


2M2 
-it2ew (3) 


n  ,  ix • £ ■ , n  w ( 3 • . t ) 

n  (f°+  R  (X.)e  1  1+1  1+1  0 

i=l  £i+l8i+l  -1 


Y°y • A (xi,xi) 


X 


X 


-ixi£ico  (3i) 

e 


ei3i 


it..  £  '  a)  ( 3 1 ) 

(x.))e 

<v  _L 


/ 


where 


(en+l' 3n+l} 


and 


(e,3)  , 


x 


(3.12) 


(3.13) 


(3.14) 


(£x, 3X) 


(e* , 3') 


. 


4 
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Each  of  the  spacial  integrations  may  be  done, 
producing  a  term  proportional  to  a  matrix  element  of 
the  spacial  Fourier  transform  of  A.  The  argument  of 
the  Fourier  transform  gives  momentum  conservation  term 
by  term  in  the  product  in  (3.14). 

The  time  integrations  are  to  be  done  in  the  limit 
t-^-*-00  and  t^  -►  +00.  Using  the  abbreviation 


Ai(T)  = 


d3x.  f°+  „  (x.  )  y°y-A  (x,  ,  T)  f°  .  (x  .  )  ,  (3.15) 

1  l+l'i+l  -1  ~1  EiBi  -1 


(3.14)  becomes  (up  to  phase): 


(f°B'un(“'"“)f°'B’)  =  I  "•  l 

EnBn  E2  B2  - 


00 

[  T 

» 

n 

dT 

d  t  -i  •  •  • 

n 

y  «/ 

n-l  J 

dx 


—  00 


n  it.  (e  .  ,  a)  (3-  ,  n  )-£•  00(3^  )  ) 

x  n  e  1  1  1  11  1  1  A. (x.)  .  (3.16) 

i=l 


Each  A^(x^)  may  be  replaced  by  its  Fourier  decomposition 
and  then  the  time  integrations  may  be  done: 


(f°  u  (»,-■»)  f °  ,)  = - i- —  l  ...  I 

eB'  n  £•$•  S-i  i  R  £ 

(2tt)  * 


e  3 

n  n 


£2£2  -oo 


doo  ... 

n 


doo. 


x  6  (eo)  (3)  -e  *0)  (3  ’ )  — o)n— a)n__1 . .  .-a)1)An  (coR) 


A .  (oo.  ) 
l  i 


n-1 

x  n  — - 

i=l  i  ( £  ,^_^  ( 3 i_|_ i )  —  £  1  ^  (3  1  )  — w  co  ^  ) 


(3.17) 
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The  nature  of  energy  conservation  in  an  n 
vertex  Feynman  diagram  may  be  obtained  from  (3.17). 

The  delta  function  insists  on  overall  conservation 
of  energy  -  any  difference  in  energy  between  the 
initial  and  final  wavef unctions  must  be  made  up  by 
the  n  contributions  from  the  external  field.  It  is 
seen  that  there  is  not  strict  energy  conservation  at 
each  vertex;  however,  while  all  values  of  o)^  do  occur 
in  A^(ok),  the  energy  denominator  indicates  that  the 
strongest  contribution  comes  from: 

Wi  %  ei+la)^i+l^  “  •  (3.18) 

Because  of  the  integrations  over  the  ,  no 
threshold  effect  for  pair  creation  emerges.  Suppose 
A^  (go)  =  0  if  1 03 1  >  2m  and  examine  (3.17)  with  e  =  - 
and  e'  =  +.  It  is  possible  for  the  sum  of  the  ok  to  be 
larger  than  2m  even  if  each  is  smaller  than  2m  and  so 
M^n ^  (3,3')  =  (f°g,unf°£,)  may  be  nonzero  and  pair 
creation  may  occur. 

It  is  important  to  understand  where  the  non¬ 
conservation  of  energy  at  individual  vertices  arises. 

One  of  the  outstanding  features  of  a  perturbation 
approach  is  the  treatment  of  an  interaction  process 
step  by  step.  Both  in  the  above  integral  equation 
method  and  with  Feynman  diagrams,  all  time  is  divided 


into  ordered  intervals  -  the  potential  during  one 
interval  has  no  effect  on  events  in  another.  For 
this  reason,  the  finite  upper  limits  of  integration 
appeared  in  (3.16)  resulting  eventually  in  the  non¬ 
conservation  of  energy  at  individual  vertices. 

What  remains  to  be  determined  is  whether  this 
non-conservation  of  energy  is  jlist  a  consequence  of 
perturbation  theory  or  whether  it  holds  true  for  an 
exact  solution.  In  the  latter  event  no  threshold 
effect  would  be  present  in  pair  creation  and  pairs 
could  be  produced  by  any  time  dependent  external  field. 
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CHAPTER  V 


THE  c-NUMBER  TIME  TRANSLATION  OPERATOR  u 

1)  Introduction 

In  Chapter  IV,  the  pair  creation  amplitude  was 
calculated  using  a  perturbation  expansion  for  the  time 
translation  operator  u.  In  this  Chapter  much  will  be 
determined  about  u  without  resorting  to  perturbation 
theory.  In  Chapter  VI,  this  information  will  be  used 
to  attempt  to  calculate  the  pair  creation  amplitude  with 
an  exact  operator  u. 

The  Differential  Equation 

The  quantized  particle  field  at  time  t  may  be 
related  to  that  at  time  t*  by  (II-2.3): 


Tp(x,t)  =  U  (t  ,t  '  )  ijj  (X,t  '  )  . 

(1.1) 

Here  u(t,t')  is  a  unitary  operator  on 

[ X 2  (R^ ) ] 4  with 

properties  (II-2.2): 

i  u  ( t , t ' )  =  h  (t )  u  (t , t ' )  , 

(1.2) 

u  ( t ,  t )  =  1  , 

(1.3) 

and 

u(t3,t2)u(t2,t1)  =  u(t3,t1)  . 

(1.4) 

In  the  above  formulae,  the  time  dependence  of  u  is  shown 
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explicitly  and  its  spacial  dependence  is  suppressed. 

In  situations  where  the  times  of  interest  are  fixed, 
the  spacial  dependence  of  u  may  be  shown  explicitly: 

iMx,t)  =  u  (x )  (x ,  t 1  )  .  (1.5) 


Remember,  u  is  an  operator  -  by  (1.2),  it  will 
porate  9  (through  h  )  and  the  values  of  A(x,t) 
t '  <  T  <  t. 

If  u  were  just  a  c-number  function,  the 

of  (1.2)  subject  to  (1.3)  would  be: 

t 


u (t,t ' )  =  exp  (-i 


h(x)dx) 


incor- 

for 

solution 


(1.6) 


However,  the  operator  nature  of  h(t)  makes  the  problem 
more  complicated.  Since, 


[h(t1)  ,h(t2)]  ^  0 


unless  A(x,t^)  =  A(x,t2) 

differentiation  of  (1.6)  by  t  does  not  yield  the 

number  result?  that  is 

t  t 


-l 


at 


exp (-i 


h (t) dx) ^  h (t)exp (-i 


h (x ) dx ) 


t 


(1.7) 


c- 


unless  A(x,t)  =  A(x,t)  ,  *  t*  <  x  <  t  .  (1.8) 

A  simple  solution  to  (1.2)  is  not  obtained  for  a  time 
dependent  field. 
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If  the  external  field  is  a  smooth  function  of  time, 
an  approximate  solution  to  (1.2)  may  be  found.  Let: 


e  =  (t2-  t1)/N 
Then,  using  (1.4), 


u  ( t2  *  t  ^ ) 


N 

=  II  exp(-ieh(t,  +  je)) 

j=l 


(1.9) 


(1.10) 


where  the  j  =  1  term  is  rightmost  in  the  product.  Taking 
the  limit  N  -*  00  yields  an  exact  u(t2,t-^).  Notice  that 
this  limit  of  (1.10)  is  not  (1.6)  since,  when  operators 
are  involved,  the  exponential  of  a  sum  is  not  the  product 
of  exponentials.  While  the  limit  of  (1.10)  may  be  an 
exact  solution  to  (1.2)  it  is  not  a  very  useful  expression 
with  which  to  carry  out  computations  such  as  (III-6.14). 


Some  Soluble  Problems 


Consider  firstly  a  free  field. 


known : 

-i  (t-t ' ) h 

u  ( t ,  t '  )  =  e 


By  ( IV-1 . 4 )  ,  u  is 


(1.11) 


The  time  translation  operator  for  a  time  indepen¬ 
dent  external  field  was  found  in  (II-1.2) : 

-i  (t-t ' ) h 

u (t , t  * )  =  e  .  (1.12) 


Using  (1.4),  it  is  possible  to  find  u  for  an  exter¬ 
nal  field  with  step  function  time  dependence.  Suppose  the 


external  field  is: 


-  . 
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A(x,t)  =  0(t  -t)A(x)  +  0(t-t  )A*  (x)  .  (1.13) 

~  o  ~  o  ~ 

Define : 

h  =  h  -  ey°Y .A (x)  , 

U  *v 

and  h*  =  h  -  (x)  .  (1.14) 

U  'V 

The  time  translation  operator  is: 

u(t,t')  =  e  if  t<t  ,  t'<t 

o  o 

-ih' (t-t  )  -ih(t  -t') 

u(t,t*)  =  e  °  e  °  if  t>t  ,  t'<t 

o  o 

and 

-ih 1 (t-t ' ) 

u(t,t')  =  e  ;  if  t>tQ,  t’>to.  (1.15) 

A  similar  application  of  (1.4)  may  be  used  to  obtain  u 
for  an  external  field  which  has  many  steps. 

Another  external  field  for  which  the  time  transla¬ 
tion  operator  may  be  computed  was  found  by  G.  Labont^ 
[1973]  : 


A(x,t)  =  6  (t ) A  (x)  , 


where 


A (x  )  =  (A  (x) ,0,0,0) 

^  U 


(1.16) 


Here : 

u  (t ,  t '  )  =  e 
and 


-ih  (t-t') 
o 


if  t<0,  t'<0  or  t>0,  t'>0. 


-ih  t  ih  t 1 

°  M  (x)  e 


u  (t ,  t  * )  =  e 


if  t>0 


and 


t'<0  .  (1.17) 


- 
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The  operator  M(x)  is  defined  by: 
iJ>OUt(0,x)  =  M(x)ij,in(0,x) 

'V  *V  A/ 

and  is: 


M  (x) 


1  + 


ieA  (x) 
o  ~ 

i  •  e  _ 

1  -  l  -x-  A 
2  o 


1  +  F  (x)  . 


(1.18) 


(1.19) 


All  the  Bogoliubov  transformations  are  unitarily  imple- 
mentable  if 


d3q  q3//2  |F  (q)  |  2  <  °°  . 


(1.20) 


In  this  case,  A  (x)  could  behave  badly  as  a  function  of 

o  ~ 

x  and  (1.18)  would  still  hold. 

Decomposition  of  u 

2  3  4 

Since  u  is  an  operator  on  [ X  (R  )]  ,  it  may  be 
decomposed  according  to  its  matrix  structure: 


u 


16 

y  u  r 

L  a  a 


(1.21) 


2  3 

where  u  is  an  operator  on  X  (R  )  and  r  is  one  of  the 
at  a 

sixteen  Dirac  matrices. 

Consider  two  external  fields  A(x)  and  A' (x) .  By 
(1.2)  the  time  translation  operator  u  for  the  first  pro¬ 
blem  will  depend  on  A(x)  in  exactly  the  same  way  as  the 
operator  u'  for  the  second  problem  will  depend  on  A*  (x) . 
From  (1.21),  it  is  seen  that  the  dependence  of  u^  on  A 

is  also  the  same  as  that  of  u'  on  A'.  These  facts  will 

a 

be  useful  in  trying  to  determine  the  exact  form  of  the 
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operators  u  . 

Symmetries 

The  Dirac  equation  (1-1.1)  is  "invariant"  under 
many  kinds  of  transformations.  In  the  context  of  an 
external  field  problem,  invariance  has  the  following 
meaning:  if  all  the  quantities  in  the  Dirac  equation 

are  transformed  in  a  certain  way,  then  the  transformed 
quantities  also  satisfy  a  Dirac  equation.  That  is: 

x  -*  x'  , 

D  ->  3  '  , 

^  (x)  -*  ip  '  (x' )  , 

A  (x)  -*  A'  (x'  )  , 

and 

(-iy  •  9  '  +  m)  ip  '  (x  ' )  =  ey  .A '  (x  ' )  if; 1  (x '  )  .  (1.22) 

This  transformation  (1.22)  is  best  pictured  as  a  change 
of  observation  frame.  The  unprimed  variables  and  fields 
refer  to  one  frame;  the  primed  variables  and  fields 
correspond  to  those  in  another.  For  example,  in  charge 
conjugation  the  primed  observer  sees  charges  of  -e 
whenever  the  unprimed  observer  sees  charges  of  +e  -  the 
voltmeters  in  the  two  frames  are  wired  oppositely. 

Unless  the  external  field  has  some  special  symmetry, 
the  external  field  observed  in  the  primed  frame  is 
different  from  that  in  the  unprimed  frame.  Both  observers 
may  use  the  external  fields  that  they  themselves  observe 


. 
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and  work  out  Bogoliubov  transformations,  creation  ampli¬ 
tudes  and  so  on.  The  same  physical  principles  hold  in 
both  frames. 

Some  of  the  transformations  which  leave  the  Dirac 
equation  invariant  include  charge;  conjugation,  time 
reversal,  parity  change,  Lorentz  transformations  and 
gauge  transformations. 

The  quantized  particle  field  ip '  describes  the 
electron-positron  field  in  a  transformed  frame.  It  is 
meaningful  to  ask  how  ip1  depends  on  the  new  time  vari¬ 
able  t'.  ip’  may  be  decomposed  in  a  manner  similar  to  ip 
according  to  an  equation  like  (1-2.1)  with  all  quantities 
primed.  In  partciular,  a  c-number  time  translation 
operator  u'  exists  such  that: 

ip  1  (x 1  , t^ )  =  u’  (t^  ,t|)  \p  '  (x'  ,t|)  (1.23) 

For  some  types  of  transformations,  the  relations  (1.22) 
together  with  the  definition  (1.23)  allow  the  relation¬ 
ship  between  u  and  u'  to  be  deduced.  Since  u  depends  on 
the  unprimed  quantities  in  exactly  the  same  way  as  u' 
depends  on  the  primed  ones,  knowing  the  behaviour  of  u 
under  a  symmetry  transformation  may  help  to  determine  the 
structure  of  u. 

In  sections  3)  and  4)  the  transformation  proper¬ 
ties  of  u  and  the  u^  will  be  investigated  and  the  results 
used  to  gain  more  information  about  the  form  of  these 
operators . 


2 )  The  Time  Translation  Properties  of 

The  Differential  Equation 

According  to  (1.21),  the  time  translation  operato 
u  is  decomposed: 


u=uT.I  +  u.y+u  y  +  u  . Y  y  +  u  ry  yr  +  u  •  a  +  ucy1-+u  - y 
I  ~  1  o  o  ~o  o 1  o5  o ' 5  ~a  ~  55  ~oa  'o 


(2.1) 


Substitution  of  this  expansion  into  the  differential 
equation  (1.2)  for  u  yields  a  system  of  differential 
equations  for  the  ua : 

g 

i  (ttt  ~  ieA  )uT  =  mu  +  i  ( 3  -  ieA)  •  u  , 
d  t  o  I  O  ~  ~  ~0 

i  ( J—  -  ieA  )  u  =  mu  -  i  (  3  -  ieA)  u  -  i  ( 3  -  ieA)  x  u  , 

3 1  o  ~  ~o  ~  ~  o  ~  ~  ~oo 

i  (t-t-  _  ieA  )  u  =  muT  -  i  (3  -  ieA)  .u  , 
i  (^r  -  ieA^ )  u^  =  mu  +  i  ( 3  -  ieA)  u  +  i  ( 3  -  ieA)  x  n  , 

i(3T-ieAo)uo5=  mU5  '  1  (2  ~  ieA>  ‘~oo  ' 

=  m“0a+  i(?"  ieA,u5"  i(?‘  ieA)  x  %  ' 

i  (tt—  -  ieA  )  uc  =  mu^,  +  i  (3  -  ieA)  -u  , 

3 1  o  5  o  5  ~  ~ 

i  (t^t t~  ieA  )  u  •  =  mu  -  i  ( 3  -  ieA)  u  c  +  i  ( 3  -  ieA)  x  u  .  (2.2) 

This  system  of  differential  equations  is  to  be  solved 


l  Q 


•'W 


" 
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subject  to  the  initial  condition: 


uI(to'to)  =  1  ' 


u  (t  ,t  )  =  0 
a  o'  o' 


if  a  7*  I 


(2.3) 


Just  as  the  operator  nature  of  u  resulted  in 
difficulties  in  (1.6)  —  (1.8) ,  the  operator  nature  of 
the  u^  is  a  problem  here.  The  system  (2.2)  has  the 
appearance  of  a  system  of  first  order  linear  differential 
equations  in  the  variable  t.  If  the  "coefficient" 

(3-  ieA)  were  simply  a  function  of  time,  standard  tech- 
niques  could  be  applied  to  integrate  the  system.  How¬ 
ever,  since 


i ( 3  -  ieA)  x  i ( 3  -  ieA)  =  ieV  x A  =  ieB  , 

^ 

and 

[i(Jjr-  ieA  )  ,i(3  -  ieA)  ]  =  ie  A-VA  )  =  ieE  (2.4) 

usual  methods  are  inapplicable.  This  system  will  be 
examined  in  a  few  special  cases  shortly. 

The  groups  of  operators  (u^u),  (uo,uq),  (u05'Uq) 
and  (Uj-,u  )  play  similar  roles  in  this  system  of 
differential  equations.  In  fact  (2.2)  remains  unchanged 
under  the  replacement: 


•  (uz,u)  -> 

(u  ,  — u  )  , 

o'  ~o 

(uo'“o)  + 

(U-j-  ,  — u )  , 

(uo5'V  - 

<'u5'"oa)  ' 

^u5 '  ~oo>  + 

'-%5'V  ' 

(2.5) 

- 
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and  under  the  replacement: 


(u  ,u)  + 

i 

(uo5'-"a>  ' 

0 

c 

0 

(u5'-uoa)  ' 

(u05'V  + 

(u  ,-u)  , 

X  <v 

(u5'"oa>  ^ 

(u  ,-u  ) 

0  ^  0 

(2.6) 

This  is  just  a  reflection  of  the  algebraic  properties  of 
the  Dirac  matrices. 

The  solution  for  the  free  field  has  been  found 
earlier: 

-i  (t-t ' ) h 

u(t,t')  =  e  °  .  (2.7) 

Since 

h  =  Y  (iy-3  +  m)  , 
o  o  ~  ~ 

2n  2  n 

h2n  =  (-3.3  +  m2)  , 

o  ^  ~ 

and 

h2n+1=  (-3.3  +  m2)n  Y  (iy  •  3  +  m)  ,  (2.8) 

o  ^  o  ~  ^ 

the  decomposition  of  u(t,t')  may  easily  be  obtained: 

o  k  iY°  (iY«2  +  m) 

u(t,t')  =  I  cos[  (-3.3  +  m  )  (t-t')] - 9— rr  x 

(-3.3  +  m2)  2 


x  sin[(-8*3+m  )2(t-t')]  .  (2.9) 


In  other  words: 


u-j.  (t ,t' ) 


uq (t,t' ) 


=cos[(-3-3  +  m  )  (t-t')]  , 


-im 


2 


sin [ (-3.3  +  m2 )  2  (t-t  * ) ] 


( —  3  •  3  +  m  ) 


»v  ^ 


/ 


. 
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and 


u  = 
o 


23 


t-  sin[  (-3-3+  m  )  (t-t')].  (2.10) 


(-3 • 3  +  m  ) 


These  operators  are  seen  to  satisfy  (2.2)  with  A=  0,  as 
requited. 

Perhaps  there  are  other  external  fields  for  which 

so  many  of  the  u  are  zero.  Assume  u  =  u  =  u  =0  and 

u,  =  u  _  =  0  -  these  u^  were  found  to  be  zero  for  the 
5  o5  a 

free  field.  What  kind  of  field  may  produce  such  an 
operator  u?  The  system  (2.2)  becomes: 

i  (J^r  -  ieA  )u=mu  +i(3-ieA)-u  ,  (2.11) 

ot  O  I  O  ~  ~  ~0 


- ieA  ) u  =  muT  , 
o  o  I 


(2.12) 


0  =  mu  -  i  (3  -  ieA) u  , 
-vO  ^  ~  o 


i  ( 


3 

Jt 


-  ieA 

o 


i (3  -  ieA) uT 


r 


0  =  -i  (3  -  ieA)  x  u 

~  ^  O 

The  operator  uq  may  be  used  to  determine  u^ 
ing  to  (2.12)  and  (2.13): 


u 


I 


u 

~o 


i^ 

m 

i 

m 


,  3  .  .  , 

(tt  -  leA  u 
3t  o  o 

(3  -  ieA) u  . 
~  *>/  o 


(2.13) 

(2.14) 

(2.15) 


and  u  accord 
~o 


(2.16) 


Combining  (2.16)  with  (2.14)  and  with  (2.15)  gives: 


■ 


% 
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(^r  A  -  VA  )  u  =  0 

o  t  *%/  O  O 


(V  x  A)  u  =  0 

<V  O 


(2.17) 


Since  uq  must  be  non-zero  to  give  any  solution  at  all, 
(2.17)  means: 


E  =  B  =  0  .  (2.18) 


So  it  is  seen  that  a  time  translation  operator  u  which 


has  a  matrix  structure  with  u  =  u  =  u  =0  and  u.-  = 

~  .a  .o a  5 

u  ^  =  0  is  simply  the  time  translation  operator  for  the 
free  field  problem. 


Even  in  a  time  independent  external  field,  it  is 


clear  that  generally  no  u^  is  zero.  For  Aq =  0 , 

i(t9-t,)h  -i  (t0-t, ) y° (iy. ( 9-ieA) +m) 
u(t2,t1)  =  e  z  1  _  e  z  1  ~  ~  ~  #  (2.19) 


In  expanding  (2.19)  in  a  power  series  in  h,  a  term  in  a 


is  found  in  second  order.  This  follows  since 


(9-ieA)  x  (3  -  ieA)  =  -ieB  f  0  .  (2.20) 

•V 

In  higher  orders,  combinations  of  y° ,  y°y  and  a  occur 

thereby  producing  all  possible  T  .  Only  fortuitous 

oc 

cancellations  would  result  in  one  u  being  zero.  If 

a  3 

A  E  0, 

-i  (t9-t, )  [y° (iy. 9+m) -eA  ] 

u(t2,t1) =  e  1  ~  ~  .  (2.21) 

The  term  (-iey°y.VA  -  2ieA  y°y.9)  arising  in  second  order 

*N/  ~  O  O  **  ** 

produces  a  terms  in  third  order  and  again  all  the  ua  are 


necessary . 


HI  V  i  T 


A  Second  Order  System 


The  system  (2.2)  may  be  changed  into  a  second 

order  system  by  application  of  i (-^-  -  ieA  )  to  all  the 

9 1  o 

equations.  Using  (2.4),  it  is  found  that: 


3  2  2  2 

[  (tj-t  -  ieA  )  -  ( 9  -  ieA)  +  in  ]  uT  =  -ieB .  u  -  ieE .  u 

d  t  O  ~  ~  X 


~a 


V, 


3  2  2  2 

[  (-rr-  “  ieA  )  -  (9-ieA)  +m  ]  u  =  -ieBu  _  +  ieEu  +  ieE  x  u 

0  L  O  ~  'v  O  J  ~  O  'v  Q  Q 


3  2  2  2 

[  (-^-t-  ~  ieA  )  -  (9-ieA)  +m]u  = -ieB*u  ,+ieE.u 

dt  o  ~  ~  o  ~  ~ocj 


9  2  2  2 

[  (?rr-  -  ieA  )  -  ( 9  -  ieA)  +  m  ]  u  =  -ieBu,-  -  ieEuc  -  ieE  x  u_ 

o  t:  o  ^  ~  o  j  o 


[  (t^t  -  ieA  )  2  -  (9  -  ieA)  2  +  m2]  u  =  ieB-u  +  ieE-u 
9t  o  ~  o5  ~  ~  ~  ~oa 


9  2  2  2 

[  (-*-r-  -  ieA  )  -  ( 9  -  ieA)  +  m  ]  u  =  ieBux  -  ieEuc  +  ieE  x  u 

dt  O  ~  ~  ~  O  ~  1  ~  D  ~  ~0 


[(J^--ieA  )2-  (9  -  ieA)  2  +  m2  ]  u,  =  ieB.u  -  ieE-u^ 

dt  o  ~  ~  D  ~  ~0  ~  ~CT 


9  2  2  2 

[  (vr-  ieA  )  -  (9  -  ieA)  +  m  ]u  =  ieBu  +  ieEu  -  ieE  x  u. 

dt  o  ~  ~  ~oa  ~  o  ~  oo 


(2.22) 


Unitarity 


The  c-number  time  translation  operator  u  is  uni¬ 
tary  and  satisfies  the  composition  requirement  (1.4). 
From  these  properties,  it  is  obtained  that: 


u+(t2,t1)  =  u(t1,t2)  . 


(2.23) 


X 


For  the  u^,  (2.20)  is  interpreted: 


UI  (t2'tl) 

=  UI (t1ft2) 

u+(t2,ti) 

"^(tl,t2) 

Uo  (t2  7 tl) 

Uo(tl,t2) 

~o  (t2 ,tl) 

=  “o^l'V 

Uo5  (t27tl} 

Uo5 (tl,t2) 

~o  (t2,tl) 

"Ua (tl't2) 

U5(t2'tl) 

“u5 (tl,t2) 

U^V  (to  /  t-,  ) 
~ocr  2 '  1 

“~oa(tlrt2 

The  composition  Relation 

The  relation  (1.4)  has  not  yet  been  expressed  in 
terms  of  the  decomposition  of  u: 


u(t3,t1)  ua(t3,t2)ug(t2/t1)rarg  . 


(2.25) 


a ,  3 


This  matrix  multiplication  could  be  carried  out  and  the 

coefficient  of  r  found,  thereby  determining  u  (t_.t,). 

y  y  3  1 

The  sixteen  long  relations  that  result  can  give  no  further 

information  about  the  operators  u  beyond  (2.2)  and  (2.24) 

0 1 

since  (1.4)  is  derived  from  (1.2)  and  (1.3).  The  compli¬ 
cated  nature  of  these  relations  makes  them  even  less  trans¬ 
parent  than  the  relations  (2.2)  and  (2.24)  from  which  they 


. 


' 
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may  be  obtained.  For  this  reason,  the  consequences  of 
(2.25)  are  of  little  interest  in  understanding  the 
structure  of  the  u^  but  could  be  of  use  in  some  explicit 
calculation . 


3) 


The  Symmetry  Properties  of  u 


■a 


Charge  Conjugation 


The  Dirac  equation  is  invariant  under  charge 
conjugation.  This  transformation  has  the  following 
effect : 


X  X*  =  X  , 

^  (x)  -+  ip'  (x* )  =  y2^X  W  ' 

A  (x)  A’  (x1)  =  -A  (x)  , 
b3(t)  ->  b£(f)  =  d  (t)  , 

dp(t)  -  d£(f)  =  bp(t)  , 

I  0  (t )  >  |  0  (t  •  )  >  *  =  I  0  (t)  >  .  (3.1) 


The  operation  x  is  Hermitian  conjugation  for  q-number 
operators  and  complex  conjugation  for  c-number  quantities. 
Charge  conjugation  interchanges  the  roles  of  electron  and 
positron . 

The  c-number  time  translation  operator  u  for  the 
transformed  particle  field  relates  ip’  (x ,  t. )  and  ^,(x,t2): 
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ifi’(x,t2)  =  uc(t2,t1)ijj’  (x,t1)  .  (3.2) 

Using  (3.1)  in  (3.2)  it  is  found  that: 

’l'(x,t2)  =  -Y2tuC(t2'tl)]*>,2','(^'tl)  '  (3.3) 

and  so: 

u(t2,t1)  =  -y2 [uC  (t2 ,t1) ] *y2  .  (3.4) 

This  relation  is  interpreted  in  terms  of  the  operators 
c 

u  and  u  m  section  4) . 
a  a 

Parity 

The  following  transformation  changes  the  parity 
of  the  system: 

x  -*■  x’  =  x  , 

t  +  t*  =  t  , 

(x)  +  ^  1  (x1 )  =  Yo^  (x)  , 

A  (x)  -*■  A '  (x  ’  )  =  -A  (x)  , 

Aq(x)-»-  A^  (x  '  )  =  Aq  (x)  , 

bB(t)  +  b^(f)  =  bPB(t,  , 

d  <t)  *  d^(f)  =  dp3(t)  , 

I  0  (t)  >  ->  I  0  ( t '  )  >  1  =  I  0  (t)  >  .  (3.5) 

The  quantum  numbers  P3  are  defined  to  have  the  opposite 
momentum  and  the  same  spin  projection  as  3. 


. 
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The  time  translation  operator  uP  satisfies: 
^,(x'/t2)  =  uP(t2,t1)^' (x' ,t±)  .  (3.6) 

This  leads  to: 

u(t2,tl)  =  YollP(t2'tl)  Yo  #  (3,7) 

p 

The  results  for  the  operators  u  and  u  are  found  in 

a  a 

section  4) . 

Time  Reversal 

The  time  reversal  transformation  is  also  of 
interest: 

t  ->  t‘  =  -t  , 

x  -*  x* 1  =  x  , 

«y 

^(x)  ->  f  (x1)  =  Y1Y3^*  (x)  , 

A  (x )  A’  (x1)  =  -A  (x )  , 

Ao  (x)  -*■  A^  (x  ’  )  =  Aq  (x)  , 

bp(t)  -  ^(f)  -b^tt) 
d  (t)  -  d’ (t*)  =  d*  (t) 

I  0 (t ) >  +  |  0 (t ’ ) >  •  =  I  0 ( t ) >  *  .  (3.8) 

The  quantum  numbers  T3  are  defined  to  have  opposite 
momentum  and  spin  projection  to  3. 

T 

The  time  translation  operator  u  satisfies: 
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=  uT(t2,t1)ip'  (x,t1)  ,  (3.9) 

and  so 

^  =  *r3yl  ^uT  *Y1Y3^  *  (3.10) 

T 

The  relationship  between  u  and  u  is  therefore  seen  to 
be: 

u(t2,t1)  =  y3Y1[uT(-t2f-t1)]*Y1Y3  .  (3.11) 

The  expansion  of  (3.11)  in  the  operators  and  is 
found  in  section  4) . 


Lorentz  Transformations 


The  Dirac  equation  transforms  under  Lorentz  trans¬ 
formation  according  to: 


x 


V 


x 


I 


1{J  (x)  -*  Ip '  (x' )  =  Sip  (x)  , 

AU(x)  +  A'lx')  =  ay  AV(x), 

v  ' 

where  SYyS-1avU=  Yv  .  (3.12) 

The  external  field  A' (x')  is  the  field  as  seen  in 
the  new  moving  frame.  This  external  field  problem  may  be 
solved  in  the  same  manner  as  the  old  external  field  problem 
was  in  the  old  frame  -  auxiliary  fields  may  be  found  for  ip ' 
for  each  value  of  t';  a  vacuum  | 0  (t ' ) > '  with  creation 
operators  b^'(t')  and  d£T(t')  make  sense;  Bogoliubov 


. 


. 


K 


transformations  and  c-number  time  translation  operators 
play  analogous  roles  in  the  solution  of  the  transformed 
problem. 


A  Lorentz  transformation  mixes  time  and  space  so 
that  simultaneity  in  one  frame  does  not  correspond  to 
simultaneity  in  another  frame.  For  this  reason  it  is 
impossible  to  transform  between  |0(t)>  and  |0(t')>'/ 
b^(t)  and  b^(t'),  u(t2,t^)  and  u'Ct^t-p  and  many  other 
quantities  just  dependent  on  time.  The  vacuum  state 
0 (t) >  describes  the  configuration  of  the  system  at  the 


time  t  in  which  no  particles  are  present  anywhere  in 
space.  The  operator  b^(t)  creates  an  electron  of  type 
3  somewhere  in  space  at  the  time  t  -  particles  localized 
in  space  may  be  defined  using  superpositions  of  creation 
operators.  The  operator  u(t2*t^)  relates  the  values  of 
ifj  at  one  spacial  point  between  the  two  times  t^  and  t2« 
Time  and  space  are  used  very  differently  in  all  these 
quantities.  For  a  moving  frame  a  surface,  in  four 
dimensional  space  time,  of  constant  time  is  quite  diffe¬ 
rent  from  a  surface  of  constant  time  for  the  original 
frame  -  it  contains  points  corresponding  to  many  times 
in  the  original  frame.  If  an  observer  in  a  moving  frame 
says  there  are  no  particles  present  at  a  given  time,  an 
observer  in  the  original  frame  knows  that  at  a  certain 
collection  of  positions  and  times  he  would  see  no  parti¬ 
cles  -  a  vacuum  state  to  one  observer  may  be  interpreted 


9 
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by  another  observer  but  the  interpretation  is  not  in 
terms  of  vacuum  and  particle  states.  A  similar  situa¬ 
tion  occurs  with  u  and  u'  as  shown  in  the  next  calcula¬ 
tion  . 

An  attempt  will  be  made  to  find  the  relationship 
between  u  and  u'. 

V  (x,t2)  =  u’  (t2/t1)ipl  (xrt1)  .  (3.13) 

So 

Si|j  (L_1  (x ,  t2  ))  =  u'  (t2,t1)S^(L“1(x,t1)  )  (3.14) 

and 

ip  (L_1  (x,t2))  =  S"1u'  (t2,t1)Sip  (L”1  (x,tx)  )  .  (3.15) 

The  operator  S  1u'  (t^t^S  relates  ip  at  one  place  and 
one  time  to  ip  at  another  place  and  another  time  -  this 
operator  isn't  even  a  time  translation  operator. 

Those  Lorentz  transformations  which  involve  a 
boost  are  seen  to  be  of  no  use  in  investigating  the  time 
translation  operator  u.  The  purely  spacial  transforma¬ 
tions  of  rotations  and  translations  may  be  of  assistance. 

Translations 

,  The  Dirac  equation  is  invariant  under  spatial 


translations : 


■ 
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x  ->  x '  =  x  +  a  ,  a  e  R3 

^  »v  »v 

t  t'  =  t  , 

•  / 

A  (x)  -»■  A  '  (x  '  )  =  A  (x)  , 

^(x)  (x‘ )  =  ip  (x)  .  (3.16) 

The  relationship  between  u  and  u'  is  found  using 
(3.16)  and 

ip'(x',t2)  =  u'  (t2,t1)^'  (x*  rt1)  ,  (3.17) 

and  is  seen  to  be: 

u(t2,t1)  =  u'  (t2,t1)  .  (3.18) 

Earlier  arguments  have  shown  that  u'  depends  on  A'  in 
the  same  way  as  u  depends  on  A.  If  one  had  an  algorithm 
for  appropriately  integrating  and  expontentiating  A  to  get 
u,  this  algorithm  could  be  used  to  get  u'  from  A'.  For 
translations,  A(x)  =  A'(x')  and  u(x)  =  u'(x');  translation 

•V  *v 

symmetries,  therefore,  don't  help  unravel  this  algorithm. 
Rotations 

Another  transformation  under  which  the  Dirac  equa¬ 
tion  is  invariant  is  that  of  spacial  rotations: 

x  x '  =  Rx  , 

~  a# 

t  ->  t '  =  t  , 

A  (x)  ->  A'  (x'  )  =  RA  (x )  , 

•V 


. 
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Aq  (x)  -*  (x'  )  =  Aq  (x)  , 


(x)  ijj '  (x'  )  =  S 4>  (x)  , 


(3.19) 


with 


and 


Sy  S  1  =  y  , 
1  o  'o' 


SyS  1  =  R  Xy  . 


(3.20) 


The  relationship  between  u  and  u  is  sought 


\p  1  (x‘  ,t2)  =  uR(t2  ,tx)  Ip  '  (x'  rt±)  , 


(3.21) 


and  so 


u(t2,t1)  =  S_1uR(t2,t1)S  . 


(3.22) 


Using  (3.20),  it  is  found  that 


R 

ui  =  ui 
u  =  R_1uR 


u  =  u 


R 


u 

~o 


r-V 

~o 


U 


o5 


u 


R 

o5 


u 


,G 


-1  R 
R  u^ 
~cr 


ur  =  u, 


R 


u 


-oo 


R  1u 

~oo 


(3.23) 


The  u  are  constructed  from  the  quantities  0  and  A  in 


a 


such  a  way  that  Uj ,  uq/  uq5  and  u5  are  rotationally 
invariant  and  u,  u  ,  u  and  u  rotate  like  vectors  as 
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3  and  A  rotate. 

Gauge  Transformations 

Another  transformation  under  which  the  Dirac  equa¬ 
tion  is  invariant  is  a  gauge  transformation: 

x  -*  x'  —  x  , 

(x)  -*  ^'(x)  =  exp  (ieA  (x)  )  ip  (x)  , 

A  (x)  -*■  A'(x')  =  A  (x)  +  3A(X)  .  (3.24) 

y  y  P  ax^ 

The  function  A(x)  is  arbitrary  or  may  be  required  to 

satisfy  QA(x)  =  0,  if  the  Lorentz  gauge  is  desired  for 

A  (x)  . 

How  does  u(x)  behave  under  a  gauge  transformation? 
i]j  *  (x  / 1 2  )  =  uG  (t2  ,t1)  ip  '  (x,  t1)  .  (3.25) 

Hence : 

u  (t2  ,  t1)  =  exp  (-ieA  (x ,  t2 )  )  uG  (t2  ,  t^)  exp  (ieA  (x,  t^)  )  ,  (3.26) 

and 

u  (toftn )  = exp(-ieA  (x,t9) )uG(t9,t, )exp(ieA  (x,t, ) ) .  (3.27) 

Bogoliubov  Identities 

The  time  translation  operator  u  also  appears  in 
the  relations  (HI-1. 4)  and  (III-1.5),  through  the  defini¬ 
tion  of  the  Mi  matrices.  Perhaps  some  useful  property  of 
u  may  be  discovered  here. 


. 


' 


Rewrite  (III-1.4)  using  (IV-6.6): 


is-<.)l£;-  ufn-)+  (fn*uf°a>(f-a'u+f-.)  =  « . 


+  Y 


YY 
(3.28) 


Since  (f°a,f°a)  is  a  complete  set,  this  becomes: 


and 


/  r O  1"  rO  » 

(f,  ,uu  f ,  ,) 

+y  +y  1 

=  ^  , 
YY 

• 

other  Bogoliubov 

identities 

/  -£T  O  *f*  O  * 

(f-A'UU  f-A ' 

=  6aa- 

t 

/4r  O  t^O  x 

<f+Y'uu  f_x) 

=  0 

r 

(f°  ,u+uf°  , ) 
+a '  +a  * 

^aa ' 

t 

, rO  +  £0  v 

(f_3,u  uf_£,) 

6 33 ' 

r 

(f+a'u  uf-e} 

=  0 

• 

relations  (2.29) 

and  (3. 

30) 

(3.29) 


(3.30) 


is  unitary. 


4 )  Summary  of  Properties  of  u^ 

In  sections  2)  and  3)  many  properties  of  the  opera 

tors  u  have  been  found.  The  operators  uT ,  u  ,  u  _  and  u 
a  I  o  o5 

are  scalars  and  u,  u  ,  u_  and  u  are  vectors  under  spa- 

~  „oo 

tial  rotations.  The  unitary  nature  of  u  and  the  C.P.T. 
invariance  of  the  Dirac  equation  give: 


■ 
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Ua(t2,tl) 


f'a[Ua(tl,t2)]+  ' 


eC  [uC  (t0  ,  t,  )  ]  *  , 
a  a  2 '  1  ' 


P  P 

e  [u  (t0 , t, ) ]  , 

a  a  2 '  1  ' 


T  T  st 

=  £  [U  (~t0 ,-t, ) ]  , 

a  a  2 '  1  ' 


(4.1a) 
(4.1b) 
(4.1c) 
(4. Id) 


where  Table  1  gives  eC,  £P,  eT. 

or  or  or  a 


r 

a 

U 

£ 

a 

C 

£ 

a 

P 

£ 

a 

T 

£ 

a 

I 

+ 

+ 

+ 

+ 

Y 

Y 

+ 

_ 

+ 

+ 

o 

Y  .Y 

+ 

+ 

o~ 

Ws 

+ 

— 

— 

— 

a 

— 

+ 

+ 

+ 

^5 

— 

+ 

— 

— 

Y  0 

— 

— 

+ 

+ 

o~ 

Table  1  Constants  appearing  in  symmetry  relations  for  u_. . 

"  ot 

As  operators  on  X  (R  ; ,  the  u  may  be  constructed 

Uv 

out  of  the  complete  set  of  operators  {9^,X^  |  i  =  1,2,3}. 

The  operation  is  multiplication  by  the  variable  x^. 

In  other  words,  each  ua  may  be  thought  of  as  a  power  series 
in  {9^,X^}  or  as  a  power  series  in  {9^}  with  complex 
valued  functions  of  x  as  coefficients.  The  differential 
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equations  (2.2)  indicate  that  only  the  functions  A(x,t) 
and  A  (x,t),  with  t,  <  t  <  t0,  contribute  and  in  fact 
A(x,t)  only  occurs  in  the  combination  (9  -  ieA(x,t)); 
some  sort  of  time  integration  similar  to  the  suggestion 
of  (1.6)  is  needed. 

To  show  the  dependence  of  u  on  the  external 

field  and  9  explicitly,  write: 

* 


The  transformation  properties  of  9 ,  A  and  t  under  the 
C.P.T.  symmetry  transformations  give: 


UC (t9,tn ) =  u  ( (9 +  ieA(x) ) ,-A  (x) ;  te  (t,,t9)) 

CX  ^  JL  CL  ^  V  A-  £ 


(4.3) 


The  relations  (4.1)  become: 


u  (  (9  -  ieA(x) )  ,  A  (x)  ;  t  e  (t, ,t9) ) 
a  ~  o  r  z 


(4.4a) 


(4.4b) 


(4 . 4d) 


(4.4c) 


(4 . 4e) 
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The  relations  (4.4)  give  some  information  about 

the  functional  dependence  of  the  u  on  3 ,  A  and  the 

a 

time  "integration".  A  comparison  of  (4.4c)  and  (4.4d) 
shows  the  effect  of  replacing  Aq  by  -Aq.  The  same 
expressions  determine  which  u^  are  real  and  which  are 
imaginary  when  Aq  e  0.  Examining  (4.4a)  and  (4.4d),  some 
aspects  of  the  dependence  on  (3  -  ieA)  are  investigated. 
The  time  "integration"  may  be  studied  using  (4.4a), 

(4.4b)  and  (4 . 4e) . 

While  all  these  observations  of  the  functional 
dependence  of  the  u^  have  been  made  with  the  hope  of 
actually  calculating  them,  nothing  more  than  a  vague 
feeling  for  their  structure  has  emerged. 


5)  Fourier  Transforms 


The  Fourier  transforms  of  u  and  the  u  are  needed 


a 


in  (III-6.12).  Using 

1 


u' (p;k)  = 


+ip.x' 

d  x1 e  u1 (x' ) e 


-ik.x' 


(5.1) 


, 0  v  3/2 
(2tt)  ; 

the  results  of  sections  3)  and  4)  may  be  reexpressed. 
The  relations  for  u  are: 


u(p,k;t2,t1)  =  [u  (k/P?  t^, t2)] 


-y2 [uC (-p,~k?t2,t1) ] *y; 


~P 


=  VU  (_P'_!5;t2'tl)lYo 

—  ^  ^  (— P/“k;— Y1Y3"  (5.2) 


For  the  u 


a 


it  is  seen  that: 


-  serf  M-jwnM  ilste  "  -  »oiX®*4 
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VP'^W  =  eaI“a<^'P;tl't2)1  + 

=  eal{iS(-P'-^‘t2'tl,]‘ 

=  eal5«(-g'-!5*t2'tl,J 

"  eai"a("S'-!5»-t2'-tl)]*  •  (5-3) 

Both  u  and  the  u  have  9  dependence  which  has  not  been 

OL  rv 

explicitly  indicated. 

It  is  difficult  to  interpret  the  relations  (5.2) 
and  (5.3)  in  a  manner  similar  to  that  used  in  4) .  While 

the  u  are  built  out  of  combinations  of  A  ,  the  u  are 

a  y '  a 

not  built  out  of  combinations  of  A  .  This  is  because  the 

r1 

Fourier  transform  of  a  product  is  not  the  product  of  the 
Fourier  transforms. 

It  is  also  for  this  reason  that  useful  relations 
have  not  been  obtained  by  taking  the  Fourier  transform 
of  the  differential  equations  (2.2)  and  the  composition 
law  (1.4)  . 

Since  more  information  is  available  about  u  and 

the  u  than  about  u  and  the  u  ,  studying  (III-6.14) 

a  a 

promises  more  success  than  studying  (III-6.12)  in  the 
calculation  of  pair  creation  amplitudes. 


. 
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CHAPTER  VI 


CALCULATION  OF  PAIR  CREATION  AMPLITUDES 


1)  Introduction 


The  problem  of  pair  creation  in  a  weak  external 
field  is  re-examined.  From  (III-6.14)  it  is  known  that: 


M 


X(p,s,q,r)  ..MStPW(-<q)+J!O_ws(0)t 
~  ~  2(2tt)6  03^(p)oT2(q) 


(1  + 


Y-P 


03  (p)  +m 


)  x 


O  O  ip-x  -iq.y 

d  x  d  y  e  ~  'n  fvi  ffT  x  f  -  -  j.  -f  iU 


u(x)(fl+f  v  +f  .v  y  )  u  (y )  e 
~  o '  o  ~o  '  o-i  u 


Y-q 

(I  +  ^j 


vr  (0 )  , 


(1.1) 


where 


f  =  -tst  ' 


and 


K-,  (m  |  x-y  |  ) 

J-  <V  •v 


i 


f—  "*  2  jy  lm  /  %  T^.  /  i  i  v 

f  = - 9  (x-y)K?  (m  x-y  |  ) 

|  x-y  | 

/v  /V 

If  is  identically  zero,  all  pair  creation  amplitudes 

y  are  also  zero  and  no  creation  occurs. 

On  physical  grounds,  (1.1)  is  expected  to  vanish 
if  the  external  field  is  very  weak:  a  pair  can't  be 
created  unless  an  energy  of  2m  is  in  some  sense  available. 
The  considerations  of  Chapter  V  may  be  useful  in  further 
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examining  (1.1)  but,  unfortunately,  it  will  be  seen  that 
still  not  enough  is  known  about  the  time  translation 
operator  u  to  prove  or  even  state  concisely  this  physical 
premonition . 


2)  Detailed  Computation  of  M-^M^ 

The  vectors  wS(0)  and  vr(0)  appear  in  (III-6.7). 
From  their  structure,  is  seen  to  vanish  identically 

if  and  only  if  the  upper  right  hand  2  x  2  block  matrix  of 
the  following  matrix  is  zero: 


M  = 


d3x  d3y (I + 


y.p  ig-x 


t 


-iq.y 


u(x)  (fl+  f  Y  +  f  -y  y)u  (y)  e 
~  o  o  ^  o  o  ~  ^ 


y.q 

+  03  (q)  +m 


(2.1) 


If  the  matrix  M  is  decomposed  using  the  basis  of  Dirac 
matrices , 


m  =  Y  m  r  , 

L  a  a 
a 

then  M-^M*  E  0  if  and  only  if 

M  +  M  =0 
^  ~  o 

and 

M  +  Mc  =  0  .  (2.2) 

o5  5 

In  other  words,  the  coefficients  of  y,  YQY,  Y0Y5  and  ^5 
(2.1)  are  the  quantities  of  interest  in  finding  M-jJYI* . 


in 


- 
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The  matrix  structure  of  u(x)  and  u  (y)  is  written: 

u(x)=  l  u  ( O  -ieA(x) ,A  (x) ) r  =  £  u  ( (- 9  -ieA (x) ,A  (x) ) r  , 
a  a 

and 

u+(y)  =  2£aua(  (-^y+ie^(i') 'Aoly))ra=  ^  eaUa(_(Sy_ie*<Y,)  ' 
a  a  J 

Ao(y))ra  ‘  (2*3) 


In  carrying  out  the  matrix  multiplication  of  (2.1)  step 
by  step,  the  following  abbreviations  are  used: 


a 


Y.P 


u(x) 


/ 


and 


l  Ve  =  U+(Y) 


y.q 

<I+  uiTqf+m)  ' 


l  =  I  I  Ua<5)ra(fI+foYo  +  !o-Yo2)VB(Y)rB  *  (2'4) 

6  a  3 


With  these  definitions. 


M  = 

a 


f  o  ip*x  -iq-y 

d  x  d  y  e  ~  ~  W  (x,y)e 

06  ~  ~ 


(2.5) 


The  coefficients  of  y,  yQy ,  yQ^  and  y5  in  (2.4)  are 
sought : 


W+W 


So  =  (UI+Uo)1(f+fo)(Y+Yo)+?o(VI-Vo)+?oX(Ya-Yoa)] 

+(U+Uo)[(f-fo)(Vi-Vo)+fo-(Y+Yo,] 

+ (U+Uo) x [ (f-fQ>  (V0-Voa) +fQ (Vq5+V5) -fox (V+Vo) ] 

+  (uo5+u5)  [-(f-fQ)  (va-voa)-fo(vo5+v5)+foX(v+vo)] 


*  1 
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+  (U  +U  )  [-(f+f  )  (V  r+Vj. )  -f  .  (V  -V  ] 
~a  ~oa  o  o5  5  ~o  \,a  .00 


+  {“a+°oo)x”f+fo>  (Y+Yo)+?o(VI-Vo)+£ox(Ya-Yoa>J  <2‘6> 


and 


Wo5+W5=  (VDo>t«f+fo>  lVo5+V5>+!o-(Ya-Yoo)] 


+ (u+u  ) • [ (f-f  ) (V  -V  d+f  (V  ,+Vc)“f  x (V+V  )] 
~  ~o  o  ~G  ~o0  ~o  o5  5  ~o  ~ 


+(Uo5+U5)[(f-fo»(VI-Vo)+!o-<Y+Yo>] 


+  (U  +U  ) • [ (f+f  )  (V+V  )+f  (VT-V  )+f  x  (V  -V  „)]  (2.7) 

~a  ~oa  o  ~  ~o  I  o  ~o  a 


From  (2.2)  ,  =  0  if  and  only  if 


a3  .  ,3 
d  x  d  y  e 


ip  »x 

^  *v 


(W+WQ)e 


-lq.y 


<v  ( 


=  0  ,  ¥  pfq 


<v 


and 


o  O  ip-x 
d  x  d  y  e  ~  ~^W05+W5^e 


-iq-y 


'=  0  ,  *  p,q 


(2.8) 


Use  of  the  definition  (2.4)  for  U  and  Vn  in 

a  3 

(2.6)  and  (2.7)  proves  to  be  of  little  computational 

value  -  no  cancellations  occur.  A  careful  examination 

of  such  an  expansion  of  (2.6)  and  (2.7)  does,  however, 

demonstrate  that  every  combination  of  the  u  ,  f0,  and 

u*  appears  and,  with  appropriate  factors  of  p./u)(p)+m, 
Y  ip.x  -iq.y  1 

qj/u)(q)+m,  e  and  e  ~,  must  be  integrated. 

At  this  point  an  impasse  has  been  reached.  The 
symmetry  identities  of  Chapter  V  tell  little  about  a 
quantity  like: 


• 

- 


87 


lp.x 


ua  ( (-~x-ieA  (x)  'Ao  (x)  >  f  3  <?-y)u*  (-  (3y-ieA  (y)),A0  (y) )  e 


-lq.y 


Even  in  the  simplifying  case  of  A  =  0  and  p  =  q  =  0,  not 
enough  is  known  of  u^ 1 s  dependence  on  A^  to  accomplish 
the  necessary  integrations. 


3 )  Conclusions 

The  c-number  time  translation  operator  u  is  the 
quantity  upon  which  all  time  development,  including  pair 
creation,  depends.  It  is  possible  to  know  only  as  much 
about  pair  creation  as  is  known  about  u. 

A  first  order  calculation  of  u  permitted  examina¬ 
tion  of  pair  creation  to  first  order.  The  work  of  Chapter 
IV  showed  that  in  pair  creation,  to  this  order,  a 
"conservation  of  momentum  and  energy"  relation  holds. 

The  higher  order  calculations  indicated  that  momentum  was 
"conserved"  at  each  vertex  in  a  proper  Feynman  diagram. 

The  exact  calculation  of  the  pair  creation  ampli¬ 
tude  through  the  programme  of  Bogoliubov  transformations 
as  outlined  in  Chapters  II  and  III  and  as  further  attempted 
in  this  chapter,  has  proved  impossible  as  a  result  of  a 
scarcity  of  information  about  the  time  translation  oper¬ 
ator  u. 

Before  any  threshold  effect  in  pair  creation  may 
be  established  using  a  non-perturbative  approach,  the 
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c-number  time  translation  operator  must  be  better  known. 
It  is  only  after  more  details  of  the  functional  struc¬ 
ture  of  u  have  been  tabulated  that  questions,  such  as 
the  above,  which  are  related  to  time  development  in  the 
external  field  problem  may  be  answered. 


. 


. 


CHAPTER  VII 


THE  ADIABATIC  THEOREM 

1)  The  Adiabatic  Theorem 

A  useful  computational  technique  in  quantum 
mechanics  and  quantum  field  theory  is  the  adiabatic 
switching  of  interactions.  When  it  is  difficult  to 
calculate  an  integral  with  potential  A(x,t),  it  is 
often  easier  to  calculate  it  with  A 1  (x ,  t )  =  e~a^  A  (x ,  t)  , 
where  a  is  some  small  positive  real  number,  and  then  to 
take  the  limit  a  -*  0.  This  manipulation  is  usually 
dismissed  by  saying  that  at  large  times  the  particles 
of  the  system  are  far  from  each  other  or  far  away  from 
the  region  of  strong  potential.  At  such  times  little 
interaction  occurs  and  it  may  as  well  be  turned  off. 

While  such  an  argument  may  make  sense  on  physical  grounds, 
careful  mathematical  examination  of  the  limiting  proce¬ 
dure  is  required  before  adiabatic  switching  may  be 
legitimately  employed. 

The  adiabatic  theorem  was  proved  for  c-number 
quantum  mechanics  many  years  ago.  Born  and  Fock  [1928] 
state  the  theorem  this  way: 

"Label  the  states  of  a  system  with  the  quantum 
numbers  of  the  corresponding  energy  levels.  The 
adiabatic  theorem  then  asserts  that  if  the  system 
is  initially  in  a  state  with  a  definite  quantum 
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number  an  adiabatic  change  in  potential  results  in 
only  infinitesimal  transition  probabilities  into 
states  of  other  quantum  numbers,  even  though  the 
energy  levels  may  themselves  be  shifted  by  finite 
amounts . " 

While  the  energy  levels  of  an  adiabatically  switched 
problem  may  be  different  from  those  of  the  original 
problem,  switching  does  not  change  the  population  of 
states.  That  this  has  been  proved  valid  for  quantum 
mechanics  justifies  the  use  of  adiabatic  switching  for 
problems  in  this  subject. 

In  quantum  field  theory,  the  presence  of  infin¬ 
itely  many  degrees  of  freedom  has  made  the  proof  of  the 
adiabatic  theorem  difficult.  At  present,  it  remains  a 
conjecture.  Ironically,  in  quantum  field  theory  adia¬ 
batic  switching  is  an  essential  tool  in  a  discipline 
where  many  other  things  are  already  difficult.' 

Kallen  [1972]  emphasizes  the  importance  of  the 
adiabatic  theorem  in  the  fully  interacting  theories  for 
the  interpretation  of  particles.  Particles  must  be 
defined  using  free  fields  -  this  definition  may  be  made 
in  terms  of  any  available  set  of  free  fields.  One  set 
of  physical  interest  consists  of  the  auxiliary  fields 
(x ; T )  and  (x;T)  specially  constructed  for  each 

time  T.  The  incoming  free  fields  A^°^  (x)  and  ip  ^  (x) 
are  also  important.  The  eigenstates  of  H^(T)  = 


. 
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h(°)  (x;T),  (x;T))  define  the  particles  that 

the  system  would  contain  if  the  interaction  remained 
constant  after  time  T.  The  eigenstates  of  = 

(A^°^  (x)  ,  i jj(°)  (x)  )  define  particles  which  are 
experimentally  more  meaningful  -  these  are  the  incoming 
particles  which  have  existed  in  the  system  for  a  long 
time.  To  have  a  useful  particle  interpretation  in  an 
interacting  theory  it  is  necessary  to  turn  the  inter¬ 
action  on  and  off  slowly  during  the  long  existence  of 
the  particles.  Without  an  adiabatic  theory  to  guarantee 
that  this  switching  operation  doesn't  change  the  crea¬ 
tion  and  scattering  amplitudes  of  interest,  a  fully 
interacting  theory  has  no  interpretation  in  terms  of 
particles . 

In  the  external  field  problem,  the  adiabatic 
theorem  plays  a  similar  role.  Free  particles  and  a 
potential  e-a^A(x,t)  are  expected  to  yield  a  descrip- 

'V 

tion  of  the  physics.  Another  method,  using  particles  as 
defined  through  auxiliary  fields  and  the  actual  potential 
A (x , t ) ,  has  been  developed  in  Chapters  II  and  III  to  give 
the  physics  as  well.  Any  proof  of  the  adiabatic  theorem 
will  have  to  show  the  equivalence  of  these  descriptions. 


. 


. 


- 
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2)  An  Example 

The  following  example  in  c-number  quantum 
mechanics  illustrates  the  use  of  the  adiabatic  theorem. 
Since  a  close  analogy  may  be  drawn  between  this  situa¬ 
tion  and  the  external  field  problem,  the  details  of  this 
calculation  will  give  insight  into  the  physical  princi¬ 
ples  anticipated  for  an  external  field  problem. 

Consider  a  time  dependent  simple  harmonic  oscilla¬ 
tor  with  Hamiltonian: 

2 

H  (t)  =  2^-  +  ~  m2co2  (t)  x2  =fi(jO  (t)[a^(t)a(t)+i]  .  (2.1) 

The  state  of  n  quanta  at  time  t  is 

^(x)  =  (a+(t)  )n|0>t  (2.2) 

and  its  energy  is 

E  (t)  =  (n  +  i)fico(t)  .  (2.3) 

I"1  ^ 

The  time  dependence  of  the  frequency  co(t)  is 
chosen  as: 

(A)  (t )  =  0)  t  <  0 

=  co  +  co '  e”at  t  ^  0  ,  a  <<  1  .  (2.4) 

At  t  =  0  the  frequency  suddenly  jumps  and  then  is  slowly 
switched  off  at  large  times.  At  each  time  t,  the  wave 
function  may  be  expressed  in  terms  of  the  complete  set 
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•  -iE  t/fi 

^(t,x)  =  l  aR  ^n(x)e  n  t  <  0  , 

-iE°t/h 

=  £  b  (0) (x)e  n  t  =  0  , 

n  n  t 

-i/En  (t)  di/ft 

=  l  bR  (t)  'fjj  (x)  e  °  t  >  0  ,  (2.5) 


The  sudden  change  of  frequency  at  t  =  0  disturbs  the 
population  of  the  levels  so  it  is  expected  that  a^^  b  (0)  . 
The  adiabatic  theorem  states  that  slow  change  in  inter¬ 
action  results  in  no  transitions,  so  b  (0)  =  b  (t)  should 
hold  in  the  limit  of  a  -*■  0 .  Notice  that  the  energy  of 
the  nth  level  drops  by  nfio)1  while  the  frequency  switches 
from  (oo  +  co1)  back  to  oo. 

Suppose  the  system  is  in  the  vacuum  state  (n  =  0) 
for  t  <  0 : 


m,x)  =  (™) 


.  CO. 

,  mco  2 .  2 

exp  (-  x  )  e 


t  <  0 


(2.6) 


The  wavefunction  is  continuous  in  time  so  that: 


V<0,x)  =  (^)  exp  (-  5$x2)  =  l  bn(0)4-°(x)  , 


with 


■L.  I, 

,  ,  ,mcox  4  ,m  (00+00'  )  N  4  ,  1  ^ 

b  (0)  =  (p— )  ( — -z - )  (— - ) 

nv  '  hjT  tit\  2nn> 


00 


dx  exp(- 


m(2oo+oo')  „2^  w 
2h  X  j 


T t  /  /m  (co+co  ’  ) 

Hn  / - fi  X) 


(2.7) 


The  coefficient  b^(0)  gives  the  probability  amplitude  of 


' 


■ 


the  system  being  in  the  state  n  at  the  time  t  =  0, 
given  that  it  was  in  the  vacuum  state  before  the 
frequency  jumped. 
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Using  the  adiabatic  approximation  as  outlined 
by  A . Z .  Capri  [1972],  the  amplitude  for  the  system  to 
leave  the  state  n  for  the  state  k  before  a  later  time 


t  is : 


dk(t) 


i*(“kn) 


1  7  H 


.  O 
loji  t 

o  ,  \ \  /  kn 
yn  (x) )  (e 


0 


-  1) 


k  ^  n 

(2.8) 


where  =  (k-n)w(O)  =  (k-n)  (oj+oo1) 

Since 


9H 

Jt 


=  m2(oo+w')  (— ota) *  )  (x2) 


t=0 


the  calculation  of  (2.8)  may  proceed: 


dk(t)  = 


a 


i  (k-n)  (03+co '  ) 


^  (|((n)(n+l))\fn+2  + 


+  |((n)(n-l)5s6k  2)(ei(It-n,<w+u,)t-l).  (2.9) 


Using  the  definitions  of  b  (t)  and  d£(t): 


bk(t)  =  bk(0)  +  ^  dk(t) 

n^k 


bk  (0)  +o  (a)  . 


(2.10) 


Only  infinitesimally  few  transitions  occur  for  t  >  0. 
From  (2.9),  d£(t)  is  a  bounded  function  of  time  t  for 

.K 

all  times, so  for  all  times  t: 


i >rli  t5  a  j Jx>  i  e  J  nr  pn  srW 

* 


' 
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lim  b, (t)  =  b  (0)  .  (2.11) 

a+0  K  k 

This  is  the  result  expected  from  the  adiabatic  theorem. 

A  system  of  n  noninteracting  bosons  of  energy 
03  (t)  may  be  compared  to  a  time  dependent  simple  har¬ 
monic  oscillator  in  state  Considering  the  external 

field  problem  for  bosons  is,  therefore,  similar  to  work¬ 
ing  the  above  example.  Suppose  the  external  field  were 
kept  constant  for  t  <  0,  jumped  suddenly  at  t  =  0  and 
then  were  slowly  switched  off  for  large  times.  The 
relations  (2.7),  (2.10)  and  (2.11)  suggest  that  if  the 

system  were  initially  in  the  vacuum  state  that  many 
particles  would  be  created  at  t  =  0  and  that  these  par¬ 
ticles  would  remain  in  the  system,  with  eventually  lower 
energies,  at  large  times.  The  creation  of  many  particles 
by  a  jump  in  the  external  field  has  been  demonstrated  by 
Labonte  [1973] .  A  proof  of  the  adiabatic  theorem  for 
this  particular  potential  is  needed  to  verify  the  sug¬ 
gested  large  time  behaviour. 

3 )  The  External  Field  Problem 

For  an  external  field  A,  particles  may  be  defined 
at  each  time  t  using  the  auxiliary  time  independent 
field  A  (x , t  ).  The  vacuum  and  particle  states  lie  in 

O 

a  Fock  Hilbert  space  JEj.  .  When  the  Bogoliubov  trans- 

ro 

formations  relating  the  creation/annihilation  operators 
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at  one  time  t^  to  those  at  another  time  t 2  are  uni- 

tarily  implementable,  the  corresponding  Fock  Hilbert 

spaces  J4,  and  „ H  are  identical. 

1  2 

The  adiabatically  switched  problem  with 

A'  (x,t)  =  e-a^t^A(x,t)  may  also  be  treated  with 

such  a  Bogoliubov  transformation  programme.  At  each 

time  t  there  is  a  Fock  Hilbert  space  of  particle 

o 

states.  Since  A'(x,0)  =  A(x,0 )  ,  JL1  =  "Ha .  If  the 
Bogoliubov  transformations  for  A'  are  unitarily  imple¬ 
mentable,  for  all  t^  and  . 

12  i  ,  i 

In  the  case  that  both  A(x,t)  and  e  a  1  'A(x,t) 

*N/ 

give  rise  to  unitarily  implementable  Bogoliubov  trans¬ 
formations,  all  the  Fock  Hilbert  spaces  defined  above 
are  identical.  Since  the  adiabatically  switched  potential 

vanishes  at  large  times,  the  Fock  Hilbert  space  appropriate 

—  ot  1 1 1 

for  calculations  with  A(x,t)  or  e  A(x,t)  is  the  free 

Fock  Hilbert  space  J4±n  defined  in  Chapter  II. 

One  version  of  the  adiabatic  theorem  for  the 
external  field  problem  is  that  scattering  and  creation 
amplitudes  for  a  very  slowly  switched  problem  may  differ 
only  infinitesimally  from  those  of  the  unswitched  problem. 

Time  Independent  External  Field 

From  the  discussion  of  Chapter  II,  it  is  known 
that  no  creation  occurs  in  a  time  independent  external 
field.  If  the  problem  with  potential  A(x)  were  treated 


' 
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using  switching,  time  dependence  would  be  present  and 
the  possibility  of  pair  creation  would  arise.  For  the 

adiabatic  theorem  to  hold,  it  is  necessary  that  the 

,  ”  ct  1 1 1 

pair  creation  amplitude  x  for  the  potential  e  A(x) 

be  infinitesimal  for  very  small  a. 

G.  Labonte  [1974]  has  recently  been  studying  the 
circumstances  under  which  the  Bogoliubov  transformations 
for  e  a^A(x)  are  unitarily  implementable .  It  is 
necessary  for  the  Bogoliubov  transformations  to  be 
unitarily  implementable  to  have  a  physical  particle 
description  of  the  system  at  all  times. 

Using  the  notation  of  Chapter  III,  the  criterion 

for  unitary  implementability  is: 

» 

dyd3  (Y,  3)  |  2  <  00  , 

dYd3|M2°^  (Y/3)  | 2  <  00  .  (3.1) 

It  is  sufficient  to  examine  this  relation  for  a  Bogo¬ 
liubov  transformation  relating  time  t  =  0  and  a  later 

time  t'.  If  ft“°(x)  are  the  c-number  solutions  to  the 

e  3 

t ' 

Dirac  equation  using  A(x)  and  f^^(x)  are  the  c-number 

~*(X  t  ^ 

solutions  to  the  Dirac  equation  using  e  A(x), 

M<a> (y,3)  =  (f+Y'  ua(t’'0)f-60)  ' 

(y,B)  =  u(t',0)f^~°)  ,  (3.2) 


where 


. 


" 

w _ ^ 
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3 1 


u (t '  , t)  = 


(ho- 


o 

ey  y 


-a  1 1 


A  (x)  )  u  ( t 1  ,t)  .  (3.3) 


G  Labonte  carried  out  the  integrations  involved 
and  found  that  the  switched  problem  does  have  a  physi¬ 
cal  particle  description  at  all  times  if  the  matrix 
-ey°y.A(x)  is  a  bounded,  square  integrable  function  of 
x.  That  is 


O  O 

1)  g  a  <  00  (<f) ,  [-ey°y  -  A]  9)  <  a  (<j) ,  (J>)  *  <j>  e  ft  ,  and 


2) 


3  o  2 

d  x  Trace  (-ey°y • A (x) )z  <  00 


These  two  conditions  are  equivalent  and  reduce  to: 


d3x  (A2  (x)  +  A  (x)  .  A  (x)  )  <  °° 

O  ~  M 

/ 

That  the  Bogoliubov  transformations  are  unitarily 
implementable  also  means: 


0 (t=0 ) >  =  T  (a)  (t ' ,0)  | 0 (t' ) > (a) 


(3.4) 


where  T^(t*,0)  is  a  unitary  q-number  operator.  The 

(  0/  \ 

vacuum  state  |0(t')>  is  the  physical  vacuum  at  the 
time  t'  for  the  problem  with  potential  e  a^A(x). 
Another  statement  of  the  adiabatic  theorem  would  claim 
that  (in  a  strong  operator  sense) : 

T  (t '  ,0)  =  I  +  o  (a)  .  (3.5) 

If  the  system  were  in  the  vacuum  state  at  time  t  =  0, 


. 


. 
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the  adiabatically  switched  external  field  could  cause 

<  •  ,  (cl) 

transitions  to  states  other  than  |0(t')>  with  a 

probability  amplitude  of  at  most  o(a).  So,  for  very 

small  a,  pair  creation  and  other  creation  amplitudes 

would  be  infinitesimal. 


Perturbation  Approach 


In  Chapter  IV,  perturbation  expansions  were 
found  for  the  time  translation  operator,  the  Bogoliubov 
matrices  and  the  pair  creation  amplitude.  It  may  be 
possible  to  write  converging  expansions  for  these 
quantities  for  both  switched  and  unswitched  problems. 

The  adiabatic  theorem  would  demand  that  the  calculations 
for  switched  and  unswitched  potentials  differ  only 
infinitesimally  in  the  limit  of  very  slow  switching. 

The  first  order  contribution  to  pair  creation  is 
given  by  (IV-3.11): 

X^  (ps  ,qr)  =  i  - — -  wS  Cp)  ^  Y°Y#M-p-q,w  (p)+co  (q)  )  vr(q) 

~  -  Zlr  /a)  (p)  U)  fq) 


(3.6) 

The  first  order  contribution  to  pair  creation  for  the 
switched  problem  is: 
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and  A' (p,oa)  =  - 

~  7T 


oo 


—  00 


doj 


'  -  ■ a - j  A  (p,U)'  ) 

a  +  (w-a) '  )  ^ 


(3.8) 


•V 

So  A  is  averaged  over  a  region  of  width  of  order  a  to 
obtain  A ' . 

Consider  a  potential  A  whose  time  Fourier  trans¬ 
form  is  bounded  and  has  no  components  for  I  a)  |  >  2m: 


A  (go)  I  <  0  (2m-m)  0  (2m+w)A 
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From  (3.8),  for  |  go  |  >  2m: 
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The  unswitched  potential  does  not  have  sufficiently 
large  Fourier  components  to  cause  creation  (by  (3.6)) 
and  the  switched  potential  may  (by  (3.7))  only  give  a 
pair  creation  amplitude  of  order  a. 

That  the  adiabatic  theorem  holds  true  term  by 
term  in  the  perturbation  expansions  is  clear  from  the 
integrations  of  Chapter  IV,  sections  2)  and  3).  All 
the  doubt  of  the  validity  of  the  adiabatic  theorem  is 
around  the  question  of  convergence.  If  the  expansions 
for  the  unswitched  problem  converge,  will  those  of  an 
adiabatically  switched  problem?  An  infinite  series 
of  continuous  functions  is  not  always  continuous  -  is 
it  possible  that  while  term  by  term  adiabatic  switching 


works,  it  doesn't  for  the  complete  calculation? 

What  constraints  are  needed  on  the  spatial  and  time 
behaviour  of  a  potential  for  convergence  of  the 
different  perturbation  series?  Further  understanding 
of  the  nature  of  convergence  of  the  perturbation 
expansions  could  lead  to  resolution  of  the  adiabatic 
theorem  quandary. 
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Footnotes 


1)  Meaning  of  Lorentz  Invariance  in  External  Field  Problem 

Even  in  the  presence  of  an  external  field,  the 
theory  has  a  certain  kind  of  Lorentz  invariance.  The 
transformation  properties  under  a  Lorentz  transformation 
of  all  the  quantities  in  the  theory  are  known:  \}j  is  a 
spinor,  A  is  a  vector,  etc.  Knowing  the  external  field 
in  one  Lorentz  frame  allows  one  to  calculate  the  external 
field  in  any  other  Lorentz  frame.  An  observer  in  a  new 
Lorentz  frame  may  ask  the  same  sorts  of  questions  about 
creation  and  scattering  of  electrons  and  positrons  inter¬ 
acting  with  his  external  field  as  the  observer  did  in  the 
old  Lorentz  frame.  The  new  observer's  theory  is  exactly 
like  that  of  the  old  observer  except  that  all  old  quanti¬ 
ties  appearing  in  the  theory  have  been  replaced  by  new 
(transformed)  ones.  In  the  sense  that  the  theory  takes 
the  same  form  with  identically  appearing  equations  in 
all  Lorentz  frames,  the  theory  is  Lorentz  invariant. 

2 )  "Feynman”  Diagrams 

The  diagrams  of  Fig.  1  are  not  proper  Feynman 
diagrams  -  they  show  physical  particles,  not  the  "in" 
particles  usually  drawn.  These  diagrams  illustrate  the 
amplitude  of  processes  taking  place  between  times  t^ 
and  t2  -  the  particles  at  the  bottom  of  a  diagram  are 
particles  as  defined  at  time  t1;  those  at  the  top  of  a 
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diagram  are  particles  as  defined  at  time  t2 .  In  the 
vertex  is  buried  all  possible  intermediate  states  that 
may  have  occurred  between  times  t^  and  . 

In  Fig.  2,  the  vertex  for  pair  creation  is  drawn 
as  a  box  and  some  of  its  contents  illustrated.  Again, 
these  contents  have  been  drawn  as  physical  particles. 
Notice  that  there  are  contributions  of  all  orders  in  e 
to  x(a/$)  ~  this  may  also  be  seen  from  equation  (IV-3.3). 
By  examining  physical  particles  the  renormalization 
difficulties  of  using  "in"  particles  have  been  avoided  - 
the  scattering  and  creation  amplitudes  are  finite  even 
though  infinitely  many  processes  contribute. 


Fig.  2;  Contributions  to  the  Pair  Creation  Amplitude 
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To  draw  a  proper  Feynman  diagram  for  one  of  the 
diagrams  in  Fig.  1,  each  physical  particle  would  need 
to  be  replaced  by  an  appropriate  superposition  of  "in'* 
particles,  pairs,  etc.  and  the  contents  of  the  vertex 
also  expanded.  In  the  special  case  when  the  external 
field  is  zero  except  for  times  between  t^  and  t^,  the 
physical  particles  at  times  t^  and  t^  coincide  with 
"in"  particles  and  only  the  vertex  needs  re-drawing. 
The  final  appearance  of  the  Feynman  diagram  would  be 
similar  to  Fig.  2  but  have  different  meaning.  The 
terms  in  the  perturbation  expansion  of  Chapter  IV  may 
be  illustrated  directly  by  true  Feynman  diagrams. 
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